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Abstract
We address the issue of correspondence between classical supergravity and quan-
tum super Yang-Mills (or Matrix theory) expressions for the long-distance, low-
velocity interaction potentials between 0-branes and bound states of branes. The
leading-order potentials are reproduced by the F 4 terms in the 1-loop SYM effective
action. Using self-consistency considerations, we determine a universal combination
of F 6 terms in the 2-loop SYM effective action that corresponds to the subleading
terms in the supergravity potentials in many cases, including 0-brane scattering
off 1/8 supersymmetric 4⊥1‖0 and 4⊥4⊥4‖0 bound states representing extremal
D = 5 and D = 4 black holes. We give explicit descriptions of these configurations
in terms of 1/4 supersymmetric SYM backgrounds on dual tori. Under a proper
choice of the gauge field backgrounds, the 2-loop F 6 SYM action reproduces the
full expression for the subleading term in the supergravity potentials, including its
subtle v2 part.
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1 Introduction
One of the remarkable consequences of the open string theory description of D-branes
[1] is the existence of a close correspondence between the supergravity and super Yang-
Mills theory results for certain interactions of D-branes and their bound states [1, 2,
3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. For configurations of branes with enough amount of
underlying supersymmetry, the long-distance and short-distance limits of the string-theory
potential given by the annulus diagram are the same, implying that the leading-order
(long-distance) interaction potential determined by the classical supergravity limit of the
closed string theory is the same as the (short-distance) one-loop potential produced by
the massless open string theory modes, i.e. by the super Yang-Mills theory [3]. This
was demonstrated explicitly for the leading-order terms in the potentials of interactions
of 0-branes with 1/2 supersymmetric (non-marginal) bound states [7, 8, 9] and with 1/4
supersymmetric marginal bound states [13, 14, 15]. Similar conclusion was reached for
the leading-order interaction of D-brane probes with 1/8 supersymmetric bound states
representing D = 5 black holes [16, 17].
On the SYM side, all of the leading-order potentials (including also the cases of inter-
action with non-supersymmetric bound states of branes like 6+0 [4, 18, 19, 20, 21], 8+ 0
[22] and configurations corresponding to near-extremal D = 5 black holes [17]) may be
obtained by plugging the corresponding SYM backgrounds into the leading universal F 4
terms in the IR part of the one-loop SYM effective action in D < 10. The general form
of these F 4 terms was discussed in detail in [23, 14, 17].
The aim of this paper will be to attempt to understand if the supergravity-SYM
correspondence extends also to the level of subleading terms in the interaction potentials.
The first step in this direction was made in [24, 25] where the 0-brane - 0-brane interaction
was considered. It was shown that the 2-loop effective action in the D = 1+0 dimensional
reduction of SYM theory computed for the relevant (velocity v, distance r) background
has v6/r14 as the leading IR term (i.e. does not contain a v4-term [24]) and its coefficient
is in precise agreement [25] with the first subleading term in the supergravity potential
(computed using large N limit or the ‘null reduction’ prescription [25] implementing the
suggestion of [26]).
We expect that as in the case of the leading v4/r7 potential [3], this coincidence should
have a weak-coupling open string theory explanation and thus should be more universal,
i.e. should apply also to other appropriate configurations of branes of different dimensions
and with various amounts of supersymmetry (in particular, to a Dp-brane bound to other
branes interacting with a Dp-brane bound to the same or different combination of branes,
and to T-dual configurations). Moreover, similar relations may be true also between all
higher order terms in the classical supergravity potentials and the leading infra-red (low-
energy) contributions to the higher-loop terms in the SYM effective action in D < 10
dimensions.
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Like the v4/r7 potential originates from the leading IR term F 4/M7 in the 1-loop SYM
effective action (with an IR cutoff M ∼ r), the v6/r14 potential may be related to the
leading IR term F 6/M14 in the 2-loop SYM effective action. We shall conjecture that in
general1
(i) the leading IR part (which has also an appropriate scaling with N) of the L-
loop term in the U(N) SYM effective action in D = 1 + p dimensions has a universal
F 2L+2/M (7−p)L structure;
(ii) computed for a SYM background representing a configuration of interacting branes,
the F 2L+2/M (7−p)L term should reproduce the 1/r(7−p)L term in the corresponding long-
distance classical supergravity potential.
The first part of this conjecture is known to be true for L = 1, and we interpret
the result of [24] about the vanishing of the v4 term in the 2-loop D = 1 SYM effective
action as suggesting that it is also true in general for L = 2. The assumption that
the leading part of the 2-loop term is the F 6 one is also implied by the F 4 term non-
renormalisation theorem of [27].2 While we formulated the above conjecture for general
L, most of considerations in this paper will be restricted to the L = 2 case.
Given that direct computation of the L > 1 terms in the D > 1 SYM effective action is
hard, our strategy in trying to test this conjecture will be to make a plausible assumption
about the structure of the relevant part of the SYM effective action and then check if
our ansatz can match known supergravity potentials for various special configurations
of branes. Since different brane systems with different amounts of supersymmetry have
very different SYM descriptions, the conjecture that all of the corresponding interaction
potentials originate from a single universal F 2L+2-type SYM expression provides highly
non-trivial constraints on the latter.
We shall study the first non-trivial case of L = 2 and demonstrate that indeed the
interaction potentials for various examples of interactions of 0-branes with type IIA BPS
bound state of branes with 1/2, 1/4 or 1/8 of supersymmetry and non-trivial 0-brane
content can be described by a certain universal combination of F 6 terms in the leading
IR part of the 2-loop SYM effective action in D = 1 + p, thus suggesting a non-trivial
generalisation of the 0-brane – 0-brane result of [25].
The type IIA brane systems we shall deal with will be of the following special type:
a 0-brane probe (a cluster of n0 0-branes) interacting with a BPS (marginal or non-
marginal, 1/2n supersymmetric) bound state of branes having a non-zero 0-brane charge
(N0) component and wrapped over a torus T
p. The probe will have a velocity along a
direction transversal to the ‘internal’ torus. T-duality along all of the directions of T p
1While our discussion may have obvious implications for the Matrix theory proposal [5], we shall be
assuming the weak string coupling limit and consider only perturbative SYM contributions.
2Though ‘universality’ or ‘BPS saturation’ of terms with higher than 6 powers of F may seem less
plausible, there are, in fact, string-theory examples of higher-order terms that receive contributions only
from one particular loop order, to all orders in loop expansion [28].
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relates this system to a system of Dp-brane probe (with charge n0) parallel to a bound
state of N0 Dp-branes bound to Dq-branes (q < p) and wrapped over the dual torus T˜
p.
Such system should thus have a U(n0+N0) SYM description [29] with a non-trivial SYM
background reflecting the presence of other branes in the bound state [30] and the velocity
of the probe [2, 31].
On the supergravity side, the action for a 0-brane probe interacting with a background
produced by a marginal bound state of branes (1‖0, 4‖0, 4⊥1‖0 or 4⊥4⊥4‖0) which
is essentially the same as the action for a D = 11 graviton scattering off an M-brane
configuration (2+wave, 5+wave, 2⊥5+wave or 5⊥5⊥5+wave) has the following general
structure [32, 33, 16]
I0 = −T0
∫
dt H−10
[√
1−H0H1...Hkv2 − 1
]
≡
∫
dt
[
1
2
T0v
2 − V(v, r)
]
. (1.1)
Here H0 and H1, ..., Hk (k = 1 for 1/4 supersymmetric bound states and k = 2 or
k = 3 for 1/8 supersymmetric bound states) are the harmonic functions Hi = 1+Qi/r
7−p
corresponding to the constituent charges of the bound state. Since for D-branes Qi ∼ gsNi
and T0 ∼ n0g−1s where gs is the string coupling constant, the long-distance expansion of
the classical supergravity interaction potential V has the following form3
V =
∞∑
L=1
V(L) = n0
gs
∞∑
L=1
(
gs
r7−p
)L
kL(v,Ni) , (1.2)
so that the (1/r7−p)L term has the same gs dependence as in the L-loop term in SYM
theory with coupling g2YM ∼ gs.
The detailed form of the coefficients kL in the potential in (1.2) reflects the two im-
portant features of the action (1.1): (1) the special role played by the 0-brane function
H0, and (2) the appearance of the product of the ‘constituent’ harmonic functions. The
second property is the direct consequence of the ‘harmonic function rule’ structure [34]
of the supergravity backgrounds representing marginal BPS bound states of branes. It
implies that all the constituent charges, except the 0-brane one, enter V in a completely
symmetric way.
The asymmetry between H0 and H1, ..., Hk is strengthened by further important as-
sumption that in expanding (1.1) in powers of 1/r7−p one should take H0 without the
usual asymptotic term 1, i.e. as H0 = Q0/r
7−p, Q0 ∼ gsN0. This prescription which is
crucial for the precise correspondence with the SYM theory already at the leading (1-
loop) level may be interpreted at least in two possible ways. One may assume (as was
done in [8, 9, 13]) that N0 is large for fixed r and gs (in particular, N0 ≫ N1, ..., Nk), so
that H0 = 1 + Q0/r
7−p ≈ Q0/r7−p. Alternatively, one may keep N0 finite but consider
the D = 10 brane system as resulting from an M-theory configuration with x− = x11 − t
3For simplicity, we are assuming here that the bound state has only RR charges; cases with non-
vanishing fundamental string charge or momentum (Q˜1 ∼ g2s) can be treated in a similar way, see [16, 15]
and section 3.1 below.
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direction being compact [26]. As was pointed out in [25], the dimensional reduction of
D = 11 gravitational wave combined with M-brane configurations along x− results in
supergravity backgrounds with H0 → H0 − 1 = Q0/r7−p. In what follows we shall always
set H0 = Q0/r
7−p without making any assumptions about magnitude of N0.
To reproduce the detailed form of the subleading terms in (1.2) from the SYM theory
it should be possible to encode the structure of the supergravity expression (1.1) (in
particular, the cross-terms coming from the product H1...Hk of the harmonic functions
and reflecting effective interactions of constituent branes in the bound state) in the explicit
form of (a) universal F 2L+2 terms in the SYM effective action, and (b) specific SYM
background representing the bound state of branes on the SYM side.
A U(N0) SYM background Fab on the dual torus T˜
p which is a candidate for a descrip-
tion of a marginal BPS D-brane bound state with 1/2n of N = 2, D = 10 supersymmetry
should satisfy the following conditions: (1) Fab should preserve 1/2
n−1 of N = 1, D = 10
supersymmetry of SYM theory; (2) considered as a gauge field background on a Dp-brane
world volume, Fab should induce [30] only the charges ∼ ∫ tr(F ∧ ... ∧ F ) of constituent
branes; (3) the classical D-brane (Born-Infeld) action computed in this background
I = Tp
∫
dpx˜ Str
√
−det(ηabI + Fab) , (1.3)
should reproduce the mass of the corresponding marginal BPS bound state which is in
agreement with the supergravity background describing the bound state, i.e. is propor-
tional to the sum of charges of the constituent branes. In general, these conditions do not
fix the required SYM background uniquely. One of the lessons of our discussion below
will be the crucial role of an appropriate choice of the SYM representation of the brane
bound states for supergravity – SYM correspondence at the subleading level.
To fix the form of the relevant 2-loop F 6 term in the SYM effective action Γ we shall
proceed in steps, first considering the interaction of a 0-brane probe with 1/2 supersym-
metric non-marginal bound state (p+ ...+ 0) and then turning to more complex cases of
interaction with 1/4 and 1/8 supersymmetric bound states. Demanding the agreement
with the supergravity potential V in the simplest cases we will be able to extract the
information about the required structure of Γ which will then be checked and sharpened
(by including terms that were vanishing on the previous less complicated backgrounds)
on more complex examples of 0-brane scattering off bound states with reduced amount of
supersymmetry. This procedure will turn out to be by far less arbitrary as it may seem
first and the emerging consistent picture will provide support for the above conjectures.
In section 2 we shall describe an ansatz for the leading IR part Γ of the full SYM
effective action Γ which is expected to reproduce the supergravity potential V (1.2). The
proposal for the higher-loop terms in Γ, and, in particular, for the 2-loop F 6 term, which
we shall make will be motivated and tested by comparing with subleading terms in V in
various special cases in the following sections.
In section 3 we shall consider the interaction between a 0-brane and a non-marginal
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1/2 supersymmetric bound state (p + ... + 0) of type IIA D-branes. Since the action
for the latter treated as a probe can be described by switching on a constant abelian
background on the Dp-brane world sheet, it will be straightforward to demonstrate that
the corresponding supergravity potential V admits a SYM interpretation, suggesting as
a result the required pattern of the Lorentz-index (BI polynomials) and internal index
(single trace in adjoint representation Tr) contractions in Γ. As a particular example, we
shall consider the 0-brane - 0-brane scattering, interpreting the 2-loop result of [25] as a
special case of the general TrF 6 SYM expression and suggesting its extension to all loop
orders.
The 0-brane interactions with 1/4 supersymmetric marginal bound states (of a fun-
damental string and a 0-brane 1‖0 and of a 4-brane and a 0-brane 4‖0) will be discussed
in section 4. We shall find that exact all-order expression for the classical 0 − (1‖0) su-
pergravity potential is reproduced by the same ansatz for the SYM effective action that
was giving the full 0 − (p+ ... + 0) potential in section 3. The situation in the 0− (4‖0)
case turns out to be more subtle as the corresponding gauge field background is described
by two different (though still commuting) su(N) matrices. We shall determine an extra
correction term in the 2-loop part of Γ which was vanishing in the previous 0− (p+ ...+0)
and 0− (1‖0) cases but is necessary for the exact agreement between the subleading term
V(2) in (1.2) and the O(F 6) 2-loop SYM term in the 0− (4‖0) case.
The consistency of the emerging expression for the 2-loop SYM effective action will
be tested further in section 5 where we shall consider the 0-brane interactions with 1/8
supersymmetric marginal bound states 4⊥1‖0 (or 5⊥2+wave in D = 11 ) and 4⊥4⊥4‖0
(or 5⊥5⊥5+wave in D = 11), which (when wrapped over T 5 and T 6) correspond to D = 5
and D = 4 extremal black holes with regular horizons. These bound state configurations
are represented by curved type IIA D = 10 supergravity backgrounds but also admit
simple descriptions in terms of 1/4 supersymmetric SYM gauge field backgrounds on the
dual tori, which, as we shall see, are not unique. We shall find that in the 4⊥1‖0 (D = 5
black hole) case there exists a natural choice of a SYM background on T˜ 5 which when
substituted into the 2-loop SYM action determined in the previous sections reproduces the
complete expression for the subleading term V(2) in the supergravity potential, including
the v2 term (cf. [16]). The 4⊥4⊥4‖0 (D = 4 black hole) configuration will be represented
either by commuting ([F, F ] = 0) or non-commuting (‘three instanton’) 1/4 supersym-
metric gauge field backgrounds on T˜ 6. We shall find that to reproduce the full expression
for the subleading supergravity potential V(2) it is necessary to use the non-commuting
SYM background and to include in the 2-loop effective action terms with commutators of
F . Such commutator terms should, in general, be present in Γ but were not contributing
in our previous examples which were described by commuting SYM backgrounds.
Some important remaining questions will be mentioned in section 6. In Appendix we
shall describe another ‘commuting’ representation for the D = 4 black hole configuration.
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2 Interactions between branes and Super Yang-Mills
effective action
Our aim in this section will be to describe possible structure of the leading IR part Γ of the
full SYM effective action Γ which is relevant for the discussion of interaction potentials
between a 0-brane probe and a bound state of branes wrapped over a p-torus. We shall
consider the case of weak string coupling and assume that such configurations can be
represented by appropriate backgrounds in SYM theory in D = p + 1 dimensions. The
proposal for the higher-loop terms in Γ, and, in particular, for the 2-loop F 6 term, we
shall make below will be motivated and tested by comparing with the subleading terms in
the supergravity interaction potentials in various special cases considered in the following
sections. Our ansatz for Γ will be a natural generalisation of the one-loop F 4-term in Γ
which governs the leading-order interaction potentials between different combinations of
branes [14] and in the special 0-brane scattering case it will also agree with the direct
2-loop D = 1 SYM calculations in [24, 25, 35].
The fields of the maximally supersymmetric D-dimensional SYM theory (obtained by
reduction from D = 10 SYM) are the vectors Aa (a = 0, ..., D − 1) and the scalars Xi
(i = D, ..., 9). In general, both may have non-trivial background values. The system we
will be interested in consists of a 0-brane probe (a marginal bound state of n0 0-branes)
interacting with a BPS bound state of branes containing, in particular, N0 0-branes, and
wrapped over T p. Under T-duality along all of the directions of the torus it becomes a Dp-
brane probe with charge n0 parallel to a Dp-brane source with charge N0 bound to some
other branes of lower dimensions. Assuming that the probe and the source are separated
by a distance r in the direction 8 and that probe has velocity v along the transverse
direction 9, this configuration may be described by the following u(N), N = n0 + N0,
SYM background on the dual torus T˜ p
Aˆa =
(
0n0×n0 0
0 Aa
)
, Xˆi =
(
0n0×n0 0
0 Xi
)
, i 6= 8, 9 , (2.1)
Xˆ8 =
(
r In0×n0 0
0 0N0×N0
)
, Xˆ9 =
(
vt In0×n0 0
0 0N0×N0
)
, (2.2)
where Aa and Xi are N0×N0 matrices in the fundamental representation of u(N0) which
describe the source bound state. For example, Am may be an instanton field representing
a 0-brane charge on a 4-brane (i.e. 4‖0 bound state) [30, 36] while Xi may be a wave
representing a momentum flow along some direction of T˜ p, or, after T-duality along that
direction, a fundamental string charge (for p = 1 this corresponds to the 1‖0 bound state)
[37, 38, 39].
In general, the SYM effective action Γ (computed using the background field gauge)
is a gauge-invariant functional of the background fields Γ(A,X) = Γ(F,X,DF,DX, ...).
Assuming that the source brane configuration is a supersymmetric (BPS) one, Γ should
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vanish for v = 0 as well as for r → ∞. The long-distance interaction potential will be
given by the low-energy expansion of Γ in powers of F multiplied by powers of 1/X8 or
1/r. The background value of X8 plays the role of an effective IR cutoff (in the open
string theory picture it is related to the mass of the open string states stretched between
the probe and source branes).4
The dependence on derivatives of the scalar fields Xi (and thus, in particular, on v
[2, 10, 14]) may be formally determined from the dependence of Γ on the gauge field in
a higher-dimensional background representing T-dual (Xi → Ai) configuration. Indeed,
from the point of view of the open string theory description of D-branes [1] Γ should
be related to the short-distance limit of the open string loop diagrams and thus should
be ‘covariant’ under the T-duality [1, 2] (the string partition function is given by the
path integral with the source term
∫
dt[∂tx
aAa(x) + ∂nx
iXi(x)] so that As ↔ Xs under
T-duality). The dependence on ∂mXi may thus be determined from Γ(F ) in a higher-
dimensional pure gauge field background with Fmi = DmXi.
The problem is then formally reduced to finding the SYM effective action in the case
of a purely gauge field background and with an effective IR cutoff M = r provided by the
scalar field background (we set the string tension T = (2πα′)−1 = 1).5 The corresponding
SYM theory on T˜ p has the action
S = − 1
4g2YM
∫
dp+1x˜ trF 2 + ... = − 1
8g2YMN
∫
dp+1x˜ TrF 2 + ... , dp+1x˜ ≡ dtdpx˜ , (2.3)
g2YM = (2π)
−1/2gsV˜p , (2.4)
where gs is the string coupling constant, V˜p =
∫
dpx˜ is the volume of T˜ p (VpV˜p = (2π/T )
p)
and tr and Tr are the traces in the fundamental and adjoint representations of su(N).
The value of the SYM coupling constant is dictated by T-duality considerations for a
system of 0-branes on a torus [5, 40, 41, 42]. The action for a collection of Dp-branes
wrapped over T˜ p is S = −Tp ∫ dp+1x˜ tr√−det(ηab + ∂aX i∂bX i + T−1Fab)+ ..., where Tp is
the Dp-brane tension [1]. Viewed as the leading term in this action, eq. (2.3) should thus
have the coefficient g2YM = T
2/Tp = (2π)
(p−1)/2T (3−p)/2g˜s, where g˜s is the string coupling
constant of the T-dual theory satisfying the standard relation Vp/g
2
s = V˜p/g˜
2
s . For T = 1
this gives (2.4).
In D = p+1 dimensions g2YM has mass dimension 3−p so that on dimensional grounds,
the relevant part of Γ expanded in powers of F should have the following structure
Γ =
∞∑
L=1
(g2YMN)
L−1
∫
dp+1x˜
∑
n
cnL
1
M2n−(p−3)L−4
F n , (2.5)
4Though not all of the SYM excitations are getting explicit mass terms, the remaining IR divergences
must cancel out as in [24] and should not contribute to the leading IR (‘interaction potential’ Γ) part of
Γ.
5We shall be interested only in the low-energy limit of the SYM theory, i.e. will not consider the UV
cutoff dependent parts in the corresponding effective actions (assuming the existence of an explicit UV
cutoff effectively provided in the weak-coupling case by the string theory).
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where L is the number of loops and F n stand for all possible contractions of n factors of
the field strength matrix (we shall not explicitly consider terms with covariant derivatives
of F assuming that they can be ignored for the relevant backgrounds).
In what follows we shall be interested only in a special subset of terms in (2.5) (gen-
eralising the ‘diagonal terms’ in [25]) which have the right coupling gs, 0-brane charge
N0 and distance r = M dependence to be in correspondence with the terms in the long-
distance expansion (1.2) of the classical supergravity interaction potential V between a
Dp-brane probe (with tension ∼ n0/gs) and a Dp-brane source (with ‘charge’ parameter
∼ gsN0). As it is clear from the string-theory description of interaction between two Dp-
branes, these terms should come out of planar diagrams of SYM theory. As was already
mentioned in the Introduction, our conjecture is that due to maximal underlying super-
symmetry of the SYM theory, the terms F 2L+2/M (7−p)L represent, in fact, the leading IR
contribution to Γ at L-th loop order. This is true for L = 1 [43, 23] and, in view of the
results of [24, 27], should certainly be the case also for L = 2.
The sum of these leading IR terms at each loop level will be denoted by Γ
Γ =
∞∑
L=1
Γ(L) = 1
2
∞∑
L=1
∫
dp+1x˜
(
ap
M7−p
)L
(g2YMN)
L−1 Cˆ2L+2(F ) , (2.6)
Cˆ2L+2(F ) ∼ F 2L+2 .
The coefficients ap here must be universal, i.e. they cannot depend on N . As we shall
find from comparison with the supergravity potential (2πα′ = 1)
ap = 2
2−pπ−(p+1)/2Γ(7−p
2
) . (2.7)
The structure of the coefficients Cˆ2L+2(F ) should be such that when computed for the
relevant gauge field backgrounds they should contain an extra factor of n0N0 so that
the order n0N
L
0 term in (2.6) could match the corresponding term in the supergravity
expression
∫
dt V (1.2).
The central question which we shall be addressing below is the following: which Lorentz
and internal index structure of Cˆ2L+2 or the ‘diagonal’ F
2L+2 terms in (2.6) is required in
order for the resulting Γ to agree with the supergravity potential (1.2). Since there are
several inequivalent configurations of branes (involving BPS bound states of branes with
different amounts of supersymmetry), the assumption that the interaction potentials for
all of them should be described by the same universal SYM expression Γ (2.6) imposes
non-trivial constraints on the latter.
Let us first assume that the background field strength Fab belongs to the Cartan part
of su(N), i.e. that all of its components commute, [Fab, Fcd] = 0. This will be the case
for most of the examples discussed below. Our main assumption (motivated by the form
of the supergravity potential in the case of 0-brane interaction with 1/2 supersymmetric
non-marginal bound states of D-branes discussed in section 3) will be that at least for
commuting backgrounds, i.e. up to the ‘commutator terms’ involving [F, F ], the structure
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of the Lorentz-index contraction in Cˆ2n ∼ F 2n in (2.6) is the same as in the polynomials
C2n = O(F
2n) appearing in the expansion of the abelian Born-Infeld action,
√
−det(ηab + Fab) =
∞∑
n=0
C2n(F ) , (2.8)
C0 = 1 , C2 = −1
4
F 2 , C4 = −1
8
[
F 4 − 1
4
(F 2)2
]
, (2.9)
C6 = − 1
12
[
F 6 − 3
8
F 4F 2 +
1
32
(F 2)3
]
, .... , (2.10)
where F k is the trace of the matrix product in Lorentz indices, i.e.
F 2 = FabFba , F
k = Fa1a2Fa2a3 ...Faka1 .
This is indeed what happens (for generic Fab) in the explicitly known 1-loop expression
for Γ [23, 14]
Γ(1) = − Γ(
7−p
2
)
2(4π)(p+1)/2M7−p
∫
dp+1x˜ b8 +O(
1
M9−p
) = Γ(1) +O(
1
M9−p
) , (2.11)
i.e. (cf. (2.6))
Γ(1) =
ap
2M7−p
∫
dp+1x˜ Cˆ4(F ) , (2.12)
Cˆ4 = STr C4 = −18b8 = −18STr
[
F 4 − 1
4
(F 2)2
]
= − 1
12
Tr
(
FabFbcFadFdc +
1
2
FabFbcFdcFad − 14FabFabFcdFcd − 18FabFcdFabFcd
)
. (2.13)
Here STr is the symmetrised trace in the adjoint representation of su(N) which may be
expressed in terms of traces tr in the fundamental representation [14].
In general, only the traceless su(N) part of the u(N) background field matrix F
couples to the quantum fields and thus enters the effective action. Symbolically, if F =(
F1 0
0 F2
)
, where Fi belong to su(Ni), N = N1 + N2, then TrF
4 = Tr1F
4
1 + Tr2F
4
2 +
f(F1, F2), f(F1, F2) = 2[N1tr2F
4
2 +N2tr1F
4
1 +6(tr1F
2
1 )(tr2F
2
2 )] (see eq. (2.16) below) and
it is the latter part f(F1, F2) that describes interaction (see also [17])
6 between two clusters
of branes.7 The ‘self-energy’ terms Tr1F
4
1 and Tr2F
4
2 vanish in the case when F1 and F2
are supersymmetric SYM backgrounds representing BPS states of branes. Since this is
the case we will be discussing below, we will not discriminate between Γ and interaction
potential between branes.
Our next assumption will be that for commuting Fab backgrounds, the pattern of
contraction over the internal indices in Cˆ2n(F ) should be similar to that in (2.13), i.e. to
6We are grateful to J. Maldacena for a discussion of this point.
7In general, if Fˆ , Fˆ1 and Fˆ2 are the traceless parts of F, F1 and F2 then the interaction potential is
given by TrFˆ 4 − Tr1Fˆ 41 − Tr2Fˆ 42 .
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the single (symmetrised) trace in the adjoint representation. We shall see that the simple
ansatz
Cˆ2n(F ) = STr C2n(F ) , (2.14)
where STr is applied to the polynomial C2n(F ) appearing in the expansion of the BI action
(2.8) with each Fab now promoted to an su(N) matrix,
8 leads to Γ (2.6) which reproduces
the full supergravity potential V in the case of a 0-brane interacting with a general 1/2
BPS bound state p + ... + 0 (e.g., with another 0-brane or 2 + 0 bound state) as well as
in the case of a 0-brane interacting with the 1/4 supersymmetric bound state 1‖0. The
Tr structure of Cˆ2n provides, in particular, the required n0N0 factor.
We shall find, however, that STr in (2.14) should be modified by certain correction
terms (which vanish in the above special cases where the background Fab is essentially
proportional to a single su(N) matrix) but whose presence is needed for the SYM –
supergravity correspondence in the case of more complicated backgrounds involving self-
dual gauge field strengths (4‖0 and its generalisations).
The difference between the 1-loop and higher loop terms in Γ in what concerns the
internal index structure is clear from the form of the SU(N) YM Lagrangian expanded
(Asa → Asa+Bsa) near a background Asa. In the background field gauge (s = 1, ..., N2− 1)
L =
1
g2YMN
[
1
2
Bsa∆
sr
abB
r
b + fsrtB
s
aB
r
bDaBtb + fsrtBsaBrbfs′r′tBs
′
a B
r′
b
]
,
where ∆ab = −ηabD2−2Fab, D = D(A). The 1-loop effective action (obtained after ∆ab →
∆ab+M
2) has, indeed, the form of a sum of 1/Mn terms multiplied by a single trace in the
adjoint representation of a polynomial in Fab. This is no longer so in general for higher-
loop corrections to Γ (there are many different contractions from products of the structure
constants frst). It appears, however, that the contributions to the ‘diagonal’ or leading
IR part Γ (2.6) of Γ (2.5) do have a Tr-type structure, up to the ‘commutator terms’ (i.e.
up to the terms that vanish when evaluated on simple ‘commuting’ backgrounds). One
may attempt to understand this using large N limit considerations.
While the 1-loop coefficient Cˆ4 (2.13) is equal to STrC4 for generic Fab, we shall use
the following ansatz for Cˆ2n with higher n > 2
Cˆ2n(F ) = ŜTr C2n(F ) = STr C2n(F ) + STr
′C2n(F ) . (2.15)
Here ŜTr will be defined in terms of somewhat different as compared to STr combination of
symmetrised traces in the fundamental representation (see below). We shall explicitly de-
termine ŜTr or the ‘correction term’ STr′C2n in (2.15) from comparison with supergravity
potential for n = 3, i.e. in the case of the 2-loop coefficient Cˆ6.
8For commuting Fab the symmetrised trace STr is of course equal simply to the trace Tr. The use of
symmetrisation here is to isolate the terms that are non-vanishing on commuting Fab from the remaining
‘commutator terms’ (cf. [45]). The symmetrisation is also helpful in order to express Tr in terms of traces
in the fundamental representation (Tr of a product of several different matrices takes simpler form if one
symmetrises the factors in the product).
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For a single su(N) matrix Y the traces in the adjoint and fundamental representations
are related as follows (see, e.g., [46])
TrY 2 = 2NtrY 2 , TrY 4 = 2NtrY 4 + 6trY 2trY 2 , (2.16)
TrY 6 = 2NtrY 6 + 30trY 4trY 2 − 20trY 3trY 3 . (2.17)
Similar relations apply to symmetrised products of su(N) generators Ys, e.g.,
STr(Ys1...Ys6) = Tr[Y(s1 ...Ys6)]
= 2Ntr[Y(s1...Ys6)] + 30tr[Y(s1...Ys4 ]tr[Ys5Ys6)]− 20tr[Y(s1 ...Ys3]tr[Ys4...Ys6)] . (2.18)
We assume that Cˆ6 in (2.6) is given by
Cˆ6(F ) = ŜTr(Ys1...Ys6) C
s1...s6(F ) , (2.19)
Cs1...s6(F ) ≡ − 1
12
[
(F s1...F s6)− 3
8
(F s1...F s4)(F s5F s6) +
1
32
(F s1F s2)(F s3F s4)(F s5F s6)
]
,
(2.20)
where (F...F ) indicates traces of matrix products over suppressed Lorentz indices, and
ŜTr(Ys1...Ys6) ≡ 2Ntr[Y(s1...Ys6)] + α1tr[Y(s1...Ys4 ]tr[Ys5Ys6)] + α2tr[Y(s1...Ys3]tr[Ys4...Ys6)]
+ α3N
−1tr[Y(s1Ys2]tr[Ys3Ys4]tr[Ys5Ys6)] . (2.21)
ŜTr(Ys1...Ys6) is equal to STr(Ys1...Ys6), when α1 = 30, α2 = −20, α3 = 0 (cf. (2.18)).
The condition (implied by the SYM–supergravity correspondence in the 0 − (p+ ...+ 0)
and 0 − (1‖0) cases as mentioned above) that Cˆ6 should coincide with STrC6 (2.14) for
the simplest commuting backgrounds with all Fab components proportional to the same
su(N) matrix, gives the constraints
α1 = 30− α3 , α2 = α3 − 20 . (2.22)
Then (2.21) becomes (cf. (2.15),(2.19))
ŜTr(Ys1...Ys6) = STr(Ys1...Ys6)
+ α3
(
− tr[Y(s1 ...Ys4]tr[Ys5Ys6)] + tr[Y(s1 ...Ys3]tr[Ys4...Ys6)]
+ N−1tr[Y(s1Ys2]tr[Ys3Ys4]tr[Ys5Ys6)]
)
. (2.23)
We will show that demanding also the agreement between the subleading term V(2) in
the supergravity potential (1.2) for the 0− (4‖0) system and the 2-loop term in Γ for the
corresponding (instanton) gauge field background implies that
α3 = −30 . (2.24)
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To summarise, the expression (2.15) for Cˆ2n and the definition (2.8) of the polynomials
C2n(F ) lead to the following all-loop BI-type ansatz for the relevant part Γ (2.6) of the
SYM effective action
Γ =
1
2Ng2YM
∫
dp+1x˜ ŜTr
[
H−1p (
√
−det(ηabI +H1/2p Fab)− 1) + 14F 2
]
+ ... , (2.25)
Hp ≡ apNg
2
YM
M7−p
. (2.26)
The dots in (2.25) stand for possible commutator terms which vanish for commuting Fab.
I is the unit N × N matrix and the square root of the determinant is understood as in
the expansion (2.8) with each Fab now replaced by an su(N) matrix.
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Let us finally turn to the general case of non-commuting Fab backgrounds for which
additional commutator terms which, in general, may be present in Cˆ2n with n > 2 may
be non-vanishing. An example of a background with [Fab, Fcd] 6= 0 will be used in section
5.2 to describe the 1/8 supersymmetric bound state 4⊥4⊥4‖0. We shall assume that the
2-loop coefficient Cˆ6 is given by the totally symmetric expression ŜTrC6(F ) (2.19) plus
an order F 6 commutator term C6
Cˆ6(F ) = ŜTr C6(F ) + C6(F ) , (2.27)
C6 ∼ Tr(FF [F, F ]FF ) + ... . (2.28)
In general, C6 may have different Lorentz index structure than C6 (2.10) and different
internal index structure than a single Tr. Though we will not be able to determine the
detailed form of C6, we will see that the presence of such commutator terms is necessary
for the complete correspondence between the supergravity and SYM expressions for the
subleading term in the interaction potential of a 0-brane with the 4⊥4⊥4‖0 bound state.
The single Tr form of the representative term in C6 in (2.28) will be important for getting
the correct n0N
2
0 scaling of the whole 2-loop correction.
3 0-brane interaction with 1/2 supersymmetric D-
brane bound states
Below we shall consider the interaction potential between a 0-brane and a non-marginal
1/2 supersymmetric bound state p+ (p− 2) + ...+0 of type IIA D-branes (p = 0, 2, 4, 6).
Special cases are the 0-brane – 0-brane and 0-brane – (2 + 0)-brane interactions. From
9Note that in contrast to the classical non-abelian BI Lagrangian (1.3) [45], i.e. L ∼
g−1s Str
√
−det(ηabI + Fab) which represents a part of the tree-level open string effective action and is
defined in terms of the symmetrised trace in the fundamental representation, Γ, which is a sum of certain
quantum loop corrections, is defined in terms of the modified symmetrised trace ŜTr. Expressed in terms
of the traces in the fundamental representation ŜTrY n starts with the 2NStrY n term but contains also
terms with multiple traces tr (see (2.17)).
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M-theory point of view this corresponds to scattering of a D = 11 graviton (with fixed
finite p− or fixed large p11) off a transverse ‘p-brane’.
We shall demonstrate that the classical supergravity expression for the potential V
(1.2) admits a SYM interpretation (to all orders in string coupling) which is equivalent
to a special case of (2.6),(2.25). In particular, the v6/r14 term in the 0-brane – 0-brane
interaction [25] and the corresponding terms in the more general 0 − (p + ... + 0) case
originate from the same 2-loop F 6-term in (2.6). This generalises the previously known
relation between the leading-order term in V and the F 4 term in the 1-loop SYM effective
action (2.11).
In the case of the scattering off 1/2 supersymmetric bound states of D-branes the
correspondence with the SYM theory is rather explicit because of the simple BI structure
of the action of the (p + ... + 0) brane treated as a probe. This correspondence will no
longer be so transparent for the 0-brane interactions with 1/4 and 1/8 supersymmetric
bound states discussed in sections 4 and 5; these cases will provide non-trivial checks of
the consistency of the ansatz (2.6),(2.15),(2.25).
3.1 Supergravity expression for the 0− (p+ ...+ 0) potential
To describe the interaction of a 0-brane and a type IIA (p+ ...+ 0) brane we shall follow
[13, 14] and consider the action of (p + ... + 0) brane (i.e. a Dp-brane action with a
constant abelian background Fmn) as a probe moving in the background produced by a
0-brane as a source. One can check that the same expression (to all orders in velocity and
charges) is found by considering a 0-brane as a probe moving in a background produced
by the (p + ...+ 0) brane as a source. The (p+ ... + 0) probe action is (see [13, 14])
Ip = −TpVp
∫
dt
[
H−10
√
(1−H0v2) det(H1/20 δmn + Fmn)−H−10
√
det Fmn
]
. (3.1)
We have assumed that the coordinates Xi transverse to the p-brane depend only on the
world-volume time t with v being the velocity in a transverse direction. Vp is the volume
of a torus around which p-brane is wrapped. The Dp-brane tension Tp is [1]
Tp ≡ npT¯p = npg−1s (2π)(1−p)/2T (p+1)/2 , T ≡ (2πα′)−1 , (3.2)
where the integer np is the number of p-branes (in what follows T = 1). The 0-brane
charge of (p+ ... + 0) brane is
n0 = np(2π)
−p/2Vp
√
det Fmn . (3.3)
H0 is the harmonic function corresponding to the 0-brane source
H0 =
Q
(p)
0
r7−p
, (3.4)
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where Q(n)q denotes the ‘charge’ of a Dq-brane background smeared in n dimensions,
Q(n)q = Nqgs(2π)
(5−q)/2T (q−7)/2(Vnω6−q−n)
−1 , ωk−1 =
2πk/2
Γ(k
2
)
. (3.5)
As already noted in the Introduction, we shall drop out the usual asymptotic value 1 in
H0 (assuming either the ‘null reduction’ or ‘fixed p−’ prescription [25] or that the 0-brane
charge Q
(p)
0 ∼ V −1p gsN0 is large, so that Q
(p)
0
r7−p
≫ 1). It is under this prescription that the
expression for the resulting interaction potential will have a simple SYM interpretation.
The action (3.1) may be rewritten as
Ip = −T0
∫
dt H−10
[√
1−H0v2
√
det(δmn +H
1/2
0 F˜mn)− 1
]
, (3.6)
where T0 = n0g
−1
s (2π)
1/2 and
F˜mn ≡ (Fnm)−1 . (3.7)
This corresponds to a T-dual configuration obtained by applying T-duality along all of
the directions of the p-torus, i.e. (3.6) describes the interaction of a p-brane source (with
charge N0) with parallel (0 + ... + p)-brane probe (with p-brane charge n0) moving in a
relative transverse direction.
As suggested by (3.6), a gauge theory description should be based on a SYM theory in
p+ 1 dimensions. It is natural, however, to go one dimension higher to be able treat the
transverse velocity on the same formal footing with the gauge field components F˜mn. Let
us assume that the direction of motion is X9. T-duality along this direction transforms
the configuration in question into a static system of a D-string parallel to (p+1)+ ...+1
brane with velocity becoming an electric field background. Indeed, (3.6) is equivalent to
Ip = −T0
∫
dt H−10
[√
−det(ηab +H1/20 F˜ab)− 1
]
, (3.8)
where a, b = 0, 1, ..., p, 9 and
F˜09 = v .
In this form the action (3.6) is the same as for the type IIB T-dual configuration of a
D-string interacting with a (p+ 1) + ...+ 1 brane or for a D-instanton interacting with a
(p− 1) + ...+ (−1) brane (the relation between the 0-brane and instanton cases involves
duality in the euclidean time direction). The action of the composite brane probe in the
instanton background is [14] (we are ignoring the dependence of the brane coordinates Xi
on the world-volume coordinates)
Ip−1 = −Tp−1VpH−10
[√
det(H
1/2
0 δab + Fab)−
√
det Fab
]
= −Tp−1Vp
√
det Fab H−10
[√
det(δab +H
1/2
0 F−1ab )− 1
]
. (3.9)
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Here H0 has the interpretation of the harmonic function of the instanton background
(smeared in the 9-th direction). This expression is indeed equivalent to (3.6) for constant
v and Fmn.
The interaction potential V in (3.8) written as
I =
∫
dt (1
2
T0v
2 − V) , (3.10)
is thus
V = T0
∞∑
L=1
C2L+2(F˜) HL0 , (3.11)
where C2n(F˜) are the polynomials of degree 2n in F˜ab which appear in the expansion of
the BI action (2.8). The explicit form of the potential is thus found to be (see (3.2),(3.5))
V =
∞∑
L=1
V(L) = n0N0V˜p
∞∑
L=1
(
ap
r7−p
)L
(g2YMN0)
L−1 C2L+2(F˜) , (3.12)
where ap = 2
2−pπ−(p+1)/2Γ(7−p
2
) and V˜p is the volume of the dual torus, VpV˜p = (2π)
p. We
have defined gYM = [(2π)
−1/2gsV˜p]
1/2 as the effective coupling of the corresponding SYM
theory (2.4).
3.2 Relation to SYM effective action
The dependence of V (3.12) on the string coupling gs or on g2YM suggests that the 1/r(7−p)L
term in it should originate from the L-th loop contribution in the relevant part Γ of
the SYM effective action on the dual torus. As we shall demonstrate, (3.12) is indeed
reproduced by our ansatz (2.6),(2.25) for Γ to all orders in the long-distance expansion.
For the simple gauge field background which describes the 0− (p+ ...+ 0) configuration
ŜTr C2n = STr C2n = TrC2n, i.e. the correction term in (2.15) vanishes and Cˆ2n(F ) in
(2.6) is given by (2.14). The correspondence between Γ and V was previously checked
[8, 9, 13, 14] at the 1-loop level where Γ is given by (2.12).10
To compare (3.12) to (2.6) we need to identify the corresponding u(n0 + N0) SYM
background which should be substituted into Γ (2.6). It is given by (2.1),(2.2) with
Am having constant field strength given by F˜mn times the unit matrix IN0×N0. As was
noted in section 2, Γ and thus Cˆ2n should, in general, depend also on the scalar field
background Xˆi. To determine the dependence of Γ on the velocity ∂0Xˆ9 one may use
10Note that the structure of the Cˆ6 (2-loop) term in (2.6) is different from the O(F
6) term in the
1-loop SYM effective action (even though the latter also has a single Tr structure); in particular, as can
be seen from the general expression for the 1-loop effective action in a constant abelian background in
[14] or from the results of [2, 3], the 1-loop O(F 6) term vanishes for the abelian D = 2 background (and
thus does not contribute to the 0-brane scattering) while the 2-loop F 6 term does not. The vanishing of
the coefficient of the 1-loop v6/r10 term in the SYM expression for the 0-brane interaction potential was
noted in [25].
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the the fact the lower-dimensional SYM theory is a dimensional reduction of D = 10
SYM theory which contains only the gauge field. Since Cˆ2n(F ) are universal functions
of F which do not explicitly depend on a space-time dimension, one may expect that
the dependence on DaXi should be the same as on Fai in the coefficient Cˆ2n(F ) in a
higher-dimensional SYM theory. Though this is not true in general for the full effective
action in SYM theory (cf. [43]), this should be true for the part of the effective action
Γ (2.6) we are interested in, since it should originate from the open string loop diagrams
with boundaries on the two different D-branes and thus should be covariant under the
T-duality [1, 2] interchanging the abelian Ak and Xk components. One then needs to
compute Cˆ2n in a higher-dimensional SYM with Fai → DaXi. Note, however, that does
not mean that the full Γ is computed in a higher-dimensional space: the structure of (2.6),
i.e. the power of M and the definition of gYM are the same as in the original D = p + 1
dimensional SYM theory with a scalar field background.11
The basic example is the interaction between two parallel p-branes one of which has
a velocity in the direction 9 transverse to the world volume of a p-brane described by the
scalar field background Xˆ9 (2.2) in D = p+1 dimensional SYM theory. To determine the
dependence of Γ on ∂0X9 one is thus to compute Cˆ2n(F ) in D
′ = D+1 dimensions in the
electric background F09 = ∂0X9 ∼ v and substitute the result into the original expression
(2.6) for Γ in D = p+1 dimensions. Similar considerations apply in the case of oscillating
Xi field representing a wave carrying momentum in some direction along the brane (for
example, X1 = X1(x5 + t) is related to a gauge field wave A1 = A1(x5 + t) in one higher
dimension, see section 4.1 below).
The pure gauge field background in the ‘auxiliary’ D′ = p+2 dimensional SYM theory
which corresponds to the scattering of a 0-brane off a (p + ... + 0) bound state is thus
represented by the following gauge field matrices in the fundamental representation of
u(N) (N = n0 +N0)
Fˆ09 =
(
vIn0×n0 0
0 0N0×N0
)
, Fˆmn =
(
0n0×n0 0
0 −F˜mnIN0×N0
)
. (3.13)
It is useful to subtract the traces and to describe the background by the su(N) matrices
Fab which are proportional to the same matrix J0
F09 = F˜09J0 = vJ0 , Fmn = F˜mnJ0 , (3.14)
11A somewhat different description of the 1-loop result which is closely related to the discussion of the
D-instanton – Dp-brane interactions in [14] is based on adding one extra 9-th dimension, choosing time
to be euclidean and compact and assuming that the 2-space (x˜0, x˜9) has volume V2 related to the velocity
as f0V2 = 2π, f0 = iv. As in [14] one can show that for the background (3.14) the F
4-term in (2.13)
becomes b8 = 2n0[N0f
4
0 − f20 tr(FmnFmn)] , so that the 1-loop effective action is (D = p+ 1→ D + 1)
Γ = i
n0
2(4π)
p+1
2
∫ ∞
0
dss
6−D
2 e−sr
2
∫
dpx
[
v3N0 + v tr(FmnFmn)
]
= −i
∫ ∞
−∞
dτ V(1)(r →
√
r2 + v2τ2) ,
where V(1)(r) = − n0
(4pi)
p+1
2 r7−p
Γ(7−p2 )
∫
dpx
[
v4N0 + v
2 tr(FmnFmn)
]
.
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J0 ≡ 1
n0 +N0
(
N0In0×n0 0
0 −n0IN0×N0
)
, trJ0 = 0 . (3.15)
Since all of the components of Fab commute and TrJ
2n
0 = 2n0N0 one finds that
12
STr[C2L+2(F )] = Tr[C2L+2(F )] = 2n0N0C2L+2(F˜) . (3.16)
To reproduce (3.12) one should take only the n0N
L
0 v
2L+2 part of the L-loop term in
(2.6),(2.25) since the supergravity calculation based on ‘probe-source’ picture is asym-
metric in n0, N0, i.e. gives only the terms which are linear in the probe charge n0.
13 As a
result, V (3.12) is in precise agreement with Γ (2.6),(2.14).
It is important to stress that the presence of only a single Tr in the ansatz (2.6),(2.14)
is crucial for the correspondence between V and Γ: this trace produces the n0N0 factor,
while the additional powers of N = N0 + n0 are correlated with the power of the gauge
field coupling as implied by (2.3),(2.5).
Demanding that Cˆ2n = ŜTrC2n = 2n0N0C2L+2(F˜) or ŜTrJ2n0 = 2n0N0 implies that
the correction terms in (2.15) must vanish. In particular, starting with the most general
2-loop combination (2.21) and requiring that ŜTrJ60 = 2n0N0 fixes the two coefficients α1
and α2 according to (2.22), i.e. the correction term in (2.23) vanishes for Ys = J0.
3.3 Special cases: 0− 0, 0− (2 + 0) and 0− (4 + 2 + 0)
The simplest special case is that of the 0-brane – 0-brane scattering. Here p = 0 and
∂0X9 → F09 = vJ0 so that the 1 + 0 dimensional SYM effective action (2.6) in its closed
BI-type form (2.25) becomes
Γ =
n0N0
Ng2YM
∫
dt
[
H−10 (
√
1−H0v2 − 1) + 12v2
]
. (3.17)
The factor 2n0N0 came from TrJ
2k
0 and (a0 =
15
2
, M = r)
H0 =
Q0
r7
, Q0 =
15
2(2π)1/2
N0gs . (3.18)
This agrees with the exact expression for the supergravity potential following from the
0-brane probe action I0 = −T0 ∫ dtH−10 √1−H0v2 after we use that T0 = ng−1s (2π)1/2 (see
(3.2),(3.5)) and replace N = n0 + N0 in (3.17) by N0, i.e. separate the n0N
L
0 v
2L+2 part
[25] of the L-loop term in (3.17). This is the extension of the previous one-loop (v4/r7)
[2, 3, 5, 10] and two-loop (v6/r14) [25] results to all orders in 1/r7 or loop expansion.
12Given a diagonal matrix in the fundamental representation of u(N) with entries ai the corresponding
matrix in the adjoint representation has entries ai − aj. That implies that J0 has 2n0N0 non-vanishing
diagonal elements equal to ±1.
13Equivalently, this corresponds to assuming that the source is much heavier than the probe, i.e.
N0 ≫ n0, so that one may replace N = n0 +N0 by N0.
17
Similar conclusion is reached also in the case when some p of the spatial dimensions are
compactified, i.e. the 0− 0 system is described by a p+ 1 dimensional SYM theory.
Our discussion also clarifies the SYM structure of the 2-loop result of [25]. The v6/r14
term in V considered in [25] corresponds to the 2-loop Cˆ6 ∼ TrF 6 term in the SYM
description.14 The general L = 2 F 6 term in (2.6) generalises the 1+ 0 dimensional SYM
result of [25] to a higher-dimensional case. The explicit 2-loop computation of Γ(v, r) in
[24, 25] provides the overall normalisation of the 2-loop term chosen in our ansatz for Γ
(2.6),(2.7). Thus the checks of consistency of the detailed structure of the 2-loop part
of Γ discussed below will be concerned only with the relative normalisations of different
terms in Cˆ6.
The probe action for the 0− (2+0) interaction [7, 8, 11, 13] is a special case of (3.1)15
I2 = −T0
∫
dt H−10
[√
(1−H0v2)(1 +H0f 21 )− 1
]
, (3.19)
where f1 = (F12)−1 = (2π)−1V2n2/n0. Since in the general case of a block-diagonal
euclidean matrix Fab with non-zero entries fk (f0 = iv, f1 = F12, f2 = F34, ...) the
polynomials C2n in (2.9),(2.10) are
C4 = −1
8
[
2
∑
k
f 4k − (
∑
k
f 2k )
2
]
, (3.20)
C6 =
1
12
[
2
∑
k
f 6k −
3
2
∑
k
f 4k
∑
n
f 2n +
1
4
(
∑
k
f 2k )
3
]
, (3.21)
we conclude that the leading term in the resulting potential V(1) ∼ 1
r5
(v2+f 21 )
2 originates
from the one-loop term ∼ Tr[F 4 − 1
4
(F 2)2] in (2.6) while the first subleading term V(2) ∼
1
r10
(v2−f 21 )(v2+f 21 )2 is reproduced by the 2-loop SYM term ∼ Tr[F 6− 38F 4F 2+ 132(F 2)3
]
with F09 = vJ0, F12 = f1J0 as in (3.14). Note that since we have subtracted 1 in H0 we
do not need to consider the limit of large field Fmn ( i.e. of large n0 ≫ n2) in order to
establish the precise agreement between the supergravity and SYM expressions (cf. [25]
and [8, 11, 13]).
In the 0 − (4 + 2 + 0) case we get one extra factor of (1 + H0f 22 ) under the square
root in (3.19) (f2 = (F34)−1), so that the leading and subleading terms in the interaction
14Let us stress again that the single Tr form of Cˆ6 is crucial for getting the correct n0N
2
0 factor in this
first subleading term in the 0-brane interaction potential (this would not be so for a general combination
of single tr and double tr terms in (2.21)).
15The action of the same structure is found by considering a 0-brane probe moving in the background
corresponding to the non-marginal 2+0 bound state. Using the explicit form of the 2+0 solution [44] one
finds for the 0-brane action: I0 = −T ′0
∫
dt[K−1K˜1/2
√
1−Kv2− cos θ(K−1 − 1)], where K = 1+Q′2/r5,
K˜ = cos2 θ+K sin2 θ and tan θ = f1 = n0/n2 (we consider the self-dual torus with V2 = 2π). This action
becomes equivalent to the action in (3.19) provided we make identifications H0 = K and T0 = T
′
0 cos θ.
The condition H0 = K or Q
′
2 = Q2
√
1 + n20/n
2
2 = Q
(2)
0 is satisfied in the limit of large n0 (the relation
between tensions is also satified in this limit).
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potential in (3.12) are
V(1) = − 1
8r3
T0Q
(4)
0 [(f
2
1 − f 22 )2 + 2v2(f 21 + f 22 ) + v4] , (3.22)
V(2) = − 1
16r6
T0(Q
(4)
0 )
2(f 21 + f
2
2 + v
2)[−(f 21 − f 22 )2 + v4] , (3.23)
and are reproduced by the 1-loop and 2-loop terms in Γ (2.6),(3.20),(3.21). Note that in
case of the self-dual background f1 = f2 = f the static terms in the potential cancel out
(for Fmn = F
∗
mn the D = 4 BI action becomes quadratic in the field strength) so that
V(1) = − 1
8r3
T0Q
(4)
0 (4v
2f 4 + v4) , V(2) = − 1
16r6
T0(Q
(4)
0 )
2(2v4f 2 + v6) . (3.24)
4 0-brane interaction with 1/4 supersymmetric bound
states
In this section we shall study the subleading terms in the interaction potentials of a 0-
brane probe with 1/4 supersymmetric marginal bound states of branes: a bound state of
a fundamental string and a 0-brane 1‖0 and a bound state of a 4-brane and a 0-brane
4‖0. The same potentials describe the scattering of D = 11 gravitons (with fixed large p11
or fixed finite p−) off the bound states of M2-brane with wave and M5-brane with wave
(‘longitudinal M2-brane’ and ‘longitudinal M5-brane’). In contrast to the scattering off
1/2 supersymmetric bound states discussed in the previous section, here the supergravity
expression for the potential (again obtained from a Born-Infeld-Nambu type action in
curved space) is no longer immediately interpretable as a SYM expression because of
a more complicated structure of the background fields (containing products of different
harmonic functions).
This structure is not seen at the leading order in large-distance expansion since the
leading term V(1) in the potential depends on the constituent charges in an ‘additive’
way. Indeed, V(1) is reproduced by the one-loop (STrC4 ∼ TrF 4 + ...) term in the SYM
effective action (3.15). The correspondence between the supergravity and SYM (or matrix
theory) expressions for V(1) was previously established in the 0− (4‖0) case in [13] (with
F 4 interpretation given in [14]) and in the 0− (1‖0) case in [15].
We will find that in the 0− (1‖0) case the first subleading term V(2) in the potential is
again reproduced by the 2-loop term in Γ (2.6),(2.14), i.e. it has the same structure (and
coefficient) as Cˆ6 ∼ TrF 6. Remarkably, this correspondence extends also to all higher-
order terms in V and Γ (2.6),(2.25), just as in the 0 − (p + ... + 0) case of the previous
section. This is a consequence of the fact that the corresponding YM background is again
proportional to a single su(N) matrix.
The situation in the 0 − (4‖0) case is more complicated: while the supergravity po-
tential has the same form as in the 1‖0 case, the relevant YM background is less trivial
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as it now depends two different (but still commuting) su(N) matrices. As a result, V(2) is
reproduced by (2.6) with Cˆ6 given by (2.15), i.e. with F
6 terms having the same Lorentz-
index structure but a modified prescription ŜTr (2.23) for taking traces over the internal
indices. ŜTrC6 differs from STrC6 by the α3 term in (2.23) which was vanishing in all
previous cases (i.e. 0 − (p + ... + 0) and 0 − (1‖0)) but turns out to be non-zero in the
0− (4‖0) case.
4.1 0-brane – (1‖0)-brane interaction
To find the interaction potential we shall consider a 0-brane probe moving in the back-
ground produced by 1‖0 as a source. The type IIA supergravity solution representing
the 1/4 supersymmetric marginal bound state of a fundamental string and a 0-brane is a
dimensional reduction of the D = 11 ‘2-brane + wave’ solution [34, 33] and is given by
ds210 = H
−1/2
0 H˜
−1
1 [−dt2 +H0dx25 +H0H˜1dxidxi] , (4.1)
e2φ = H˜−11 H
3/2
0 , A = H
−1
0 dt ,
H0 =
Q
(1)
0
r6
, H˜1 = 1 +
Q˜1
r6
, Q˜1 = gsQ1 = (2π)
−1/2gsL5
N1
N0
Q
(1)
0 , (4.2)
where Q˜1 is the fundamental string charge (N1 is the winding number) and Q1 and Q
(1)
0
are defined in (3.5). L5 is the length of the circular direction (chosen to be the 5-th one)
along which the fundamental string is wound.
The action of a 0-brane probe with a transverse velocity v is then
I = −T0
∫
dt H−10
[√
1−H0H˜1v2 − 1
]
, (4.3)
so that the first two terms in the interaction potential V (1.1),(1.2) are thus
V(1) = − 1
8r6
T0(4Q˜1v
2 +Q
(1)
0 v
4) , V(2) = − 1
16r12
T0Q
(1)
0 (4Q˜1v
4 +Q
(1)
0 v
6) . (4.4)
It is the product of the two harmonic functions under the square root in (4.3) compared to
a single factor of H0 in (3.6),(3.19) that makes comparison with a SYM action non-trivial.
Similar complex structure of the probe action containing the product of several harmonic
functions (1.1) is characteristic to all cases of scattering off 1/4 and 1/8 supersymmetric
BPS configurations discussed below. This structure is a consequence of the ‘harmonic
function rule’ form of the supergravity backgrounds representing marginal BPS bound
states of different branes [34], and it makes establishing a connection between a curved
space 0-brane action and a flat space SYM effective action quite non-trivial.
Since T0 ∼ g−1s n0, Q˜1 ∼ g2sN1, Q(1)0 ∼ gsN0 it may seem that V(1) and V(2) contain
terms of different orders in the string coupling. Still, V(1) is reproduced by the 1-loop
correction in the SYM effective action, and V(2) – by the 2-loop one, as for the pure
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D-brane configurations discussed in the previous section (and for the 4‖0 case considered
below). The reason is that after T-duality the fundamental string winding number N1
will have the interpretation of a momentum carried by the classical SYM wave, i.e. the
corresponding gauge field background will explicitly depend on gs, Fab ∼ g1/2s . That will
bring in an extra power of g2YM ∼ gs on the SYM side.
The 1‖0 state is, indeed, T-dual to a bound state of a D-string and a wave: the action
(4.3) is the same as for a D-string probe in the D-string + wave background (with the
string probe oriented parallel to the string source and moving in the orthogonal direction).
This relation suggests that the 0− (1‖0) configuration should have a description in terms
of the D = 2 SYM theory with Q˜1 having the interpretation of a SYM momentum
[37, 47, 38, 39, 15]. The latter is represented by a periodic scalar field background X1 =
X1(x˜5 + t) with x˜5 being the direction of the momentum flow.
To find the dependence of the coefficients Cˆ2n in the SYM effective action Γ (2.6) on
derivatives of X1 we may formally trade the X1 wave for a gauge field wave by going to
a D = 3 SYM theory and considering the T-dual background A1 = A1(x5 + t). This is
similar to the trick used above to find the dependence on ∂0X9 ∼ v: one considers the
SYM theory in one dimension higher with an electric gauge field background F09.
Altogether this corresponds to performing T-duality along the direction of the trans-
verse D-string momentum-carrying oscillations (x1) and the direction of motion of its
center of mass (x9). We end up with a configuration of two parallel 3-branes described
by a a plane wave (in the direction 5) on one 3-brane and a constant electric field (in the
direction 9) on another 3-brane. It is represented by the the following stationary abelian
u(N) gauge field background in the D = 4 SYM theory on the dual torus (cf. (3.14))
Fˆ09 =
(
vIn0×n0 0
0 0N0×N0
)
, Fˆ51 = Fˆ01 =
(
0n0×n0 0
0 −h(x˜5 + t) IN0×N0
)
, (4.5)
or, equivalently, by the following su(N) background
F09 = vJ0 , F51 = F01 = h(x˜5 + t)J0 , (4.6)
where the su(N) matrix J0 was defined in (3.15). The function h which is the derivative
of A1 = A1(x˜5 + t) may be chosen, e.g., as h ∼ √gs sin[ 2piL˜5 (x˜5 + t)] [15] and is normalised
so that16
< h2 >=
1
L˜5
∫
dx˜5 h
2 = gs(2π)
1/2 N1
N0L˜5
=
Q˜1
Q
(1)
0
. (4.7)
N1 is thus the momentum carried by the gauge field wave along the 5-th direction,
1
(g2YM)3
∫
dx˜1dx˜5tr(Fˆ01Fˆ51) =
2πN1
L˜5
, (g2YM)3 = (2π)
−1/2gsL˜1L˜5 . (4.8)
16Let us note that for the aim of reproducing the expressions for interaction potentials here and in all
examples discussed below one, in principle, does not need to know the explicit form of the gauge field
backgrounds representing a plane wave or instanton or their superpositions – all what is needed are the
basic properties like constraints on the field strengths (i.e. F1+ = 0 or Fmn = F
∗
mn) and normalisation
conditions for the integrals of the squares of the field strength components.
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Here the dual torus dimension x˜1 (with length L˜1) is the auxiliary dimension of the plane
wave and L˜5 is the length of the dimension x˜5 dual to the one along the fundamental
string (L˜5L5 = 2π).
It should be stressed again that the passage to the 2 + 1 or 3 + 1 dimensional SYM
theory serves only to determine the dependence on the derivatives of the scalar fields X1
and X9 in the original D = 1 + 1 dimensional SYM theory: to find the SYM effective
action Γ which should correspond to the supergravity potential V we should set p =
1, D = 2, g2YM = (g
2
YM)2 = (2π)
−1/2gsL˜5 in (2.6).
Since all of the components of Fab in (4.6) are, as in (3.14), proportional to the same
su(N) matrix J0, the expression for Cˆ2n(F ) in (2.6) is again given by (2.14) and, as in
(3.16), Cˆ2n = 2n0N0C2n(F ). Thus we only need to compute the coefficients C4 ∼ F 4 and
C6 ∼ F 6 in (2.9),(2.10) for the abelian background F09 = v, F51 = F01 = h,
C4 = −1
8
(4h2v2 + v4) , C6 = − 1
16
(4h2v4 + v6) . (4.9)
Using (4.7)17 we find the precise agreement between the two leading terms in V (4.4) and
the 1-loop and 2-loop terms in the SYM effective action (2.6).18 At the leading-order
level this correspondence was also checked by direct 1-loop D = 2 SYM calculation in X1
background in [15].19
As in the 0−(p+...+0) case, the relation between V in (4.3) and Γ in (2.6),(2.14),(2.25)
holds not only for the first two leading terms, but also for the complete expressions, i.e.
for all terms in the expansion in 1/r6. Indeed, Γ in (2.25) with p = 1 and the D = 4
BI determinant det(ηabI + Fab) computed on the abelian background (4.6) (which looks
the same as a D3-brane action in the gauge field background or a D-string action in the
scalar field background) is found to be (cf. (3.17))
Γ =
n0N0
Ng2YM
∫
dtdx˜5
[
H−11 (
√
1− (1 +H1h2)H1v2 − 1) + 12v2
]
. (4.10)
Here H1 given by (2.26) is equivalent to H0 = Q
(1)
0 /r
6 in (4.2). This expression (its part
linear in n0) takes exactly the same form as V in (4.3),(4.2) after we replace h2 by < h2 >
in (4.7) so that 1 + H1h
2 becomes H˜1 in (4.2). This establishes the agreement between
all higher-order terms in the expansion of the interaction potential in (4.3) and the SYM
effective action (2.6),(2.14).
17The extra power of g2YM ∼ gs in the classical momentum (4.8) explains the correspondence with the
supergravity expressions in (4.4) (see also [16, 17]).
18As was already mentioned above, here and in the examples discussed in the following sections, it is
sufficient to check only the agreement between the supergravity and the SYM expressions for the relative
coefficients between the highest power of v and its lower powers at each order of 1/r7−p expansion since
the agreement of the coefficients of the v4 and v6 terms (same as in the 0-brane–0-brane scattering in the
case of compactification on a torus) was already established by the one-loop [3, 10] and two-loop [24, 25]
computations.
19The potential vanishes in the static limit reflecting the BPS nature of the plane wave background
(which preserves 1/2 of supersymmetry in SYM theory). Let us note in passing that the vanishing of the
1-loop YM effective action in the non-abelian plane wave background was discussed in [48].
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4.2 0-brane – (4‖0)-brane interaction
The action of a 0-brane probe moving in the background produced by the bound state
4‖0 as a source is [32, 13]
I0 = −T0
∫
dt H−10 (
√
1−H0H4v2 − 1) , (4.11)
H0 =
Q
(4)
0
r3
, H4 = 1 +
Q4
r3
, (4.12)
were Q4 and Q
(4)
0 are given by (3.5). This action is formally the same as in the 0− (1‖0)
case (4.3) with H4 replacing the fundamental string function H˜1. The two leading terms
in the classical potential thus have the same form as in (4.4) with Q
(1)
0 → Q(4)0 , Q˜1 → Q4.
The 4‖0 brane wrapped over a 4-torus T 4 and having even N0 may be described by
the following self-dual u(N0) background on the dual 4-torus T˜
4 [30, 36, 19, 49]
F12 = F34 = q σ3 ⊗ IN0
2
×
N0
2
, (4.13)
with all other components of Fmn being zero. Here σ3 = diag(1,−1) and
q2 = (2π)2V˜ −14
N4
N0
=
Q4
Q
(4)
0
, i.e.
1
16π2
∫
T˜ 4
d4x˜ tr(FmnFmn) = N4 . (4.14)
The leading and subleading terms of the supergravity potential, expressed in terms of the
YM background, read
V(1) = − n0
16r3
[
4v2N4 + (2π)
−2V˜4v
4N0
]
= − n0N0
64π2r3
V˜4
(
4v2q2 + v4
)
= − n0
64π2r3
V˜4
[
v2tr(FmnFmn) + v
4N0
]
, (4.15)
V(2) = − n0N0gs
64(2π)5/2r6
V˜4
[
4v4N4 + (2π)
−2V˜4v
6N0
]
= −n0N
2
0 g
2
YM
64(2π)4r6
V˜4
(
4v4q2 + v6
)
= − n0N0g
2
YM
64(2π)4r6
V˜4
[
v4tr(FmnFmn) + v
6N0
]
. (4.16)
While the leading-order potential V(1) is the same as in the special case of 0− (4 + 2+ 0)
interaction in (3.22) with the (4+2+0) brane described by the self-dual abelian background
F˜12 = F˜34 = q (so that (4.15) can be found also by using such (4 + 2 + 0) configuration
to represent 4‖0 as a probe and treating the 0-brane as a source [13]) this is no longer so
for the subleading term in the potential V(2): as follows from (3.21) (with f0 = iv, f1 =
f2 = q) in the 0 − (4 + 2 + 0) case the coefficient of the ‘mixed’ v4q2 term in (3.24) is
factor of 2 smaller than in the supergravity expression (4.16). This extra factor of 2 in
V(2) is a direct consequence of the different structure of the action (4.11) compared to
(3.6): it originates from the coefficient 2 in (H4)
2 = 1+ 2Q4/r
3+ ... which appears in the
expansion of (4.11).
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The two configurations, i.e. 0− (4 + 2+ 0) and 0− (4‖0), having different subleading
terms in the supergravity potentials may still be described by the same universal 2-loop
SYM action Γ(2) because the corresponding su(N) gauge field backgrounds are different.
While in (3.14) all the components of the field strength are proportional to the same
su(N) matrix J0, here the electric (velocity) component F09 and the instanton (4-brane)
components F12 = F34 are expressed in terms of two different matrices J0 and J1 from the
Cartan subalgebra of su(N),
F09 = vJ0 , F12 = F34 = qJ1 , (4.17)
J1 ≡
(
0n0×n0 0
0 σ3 ⊗ IN0
2
×
N0
2
)
=
 0n0×n0 0 00 IN0
2
×
N0
2
0
0 0 −IN0
2
×
N0
2
 , trJ1 = 0 . (4.18)
As a result, this background is more sensitive to the non-abelian structure of the coeffi-
cients Cˆ2n (2.15) in the SYM effective action (2.6).
Let us first recall how the 1-loop term in (2.6) reproduces [13] the leading term in
the potential (4.15). Substituting the background (4.17) into Cˆ4 = STrC4(F ) and using
(2.9),(3.20) we find that20
Cˆ4 = STrC4(F ) = −1
8
STr(4v2q2J20J
2
1 + v
4J40 ) = −
1
4
n0N0(4v
2q2 + v4) , (4.19)
and, as a result, complete agreement between (2.6) and (4.15).21
To reproduce the subleading term (4.16) in V we shall use Cˆ6 = ŜTrC6(F ) in (2.15)
with ŜTr defined according to (2.23). Remarkably, the coefficient α3 in (2.23) is fixed
uniquely (2.24) once we demand the correspondence between V(2) and the 2-loop SYM
effective action Γ(2) in (2.6). The extra α3-term in (2.23) is responsible for correcting the
coefficient 2 of v4 term in V(2) in (3.24) into 4 in (4.16). Indeed, the expression for Cˆ6 for
the background (4.17) is found to be (cf. (3.21),(3.24),(4.19))
Cˆ6 = − 1
16
ŜTr(2v4q2J40J
2
1 + v
6J60 ) . (4.20)
Applying the definition (2.23),(2.24) of ŜTr one finishes with22
Cˆ6 = − 1
8N
n0N0
[
(n0 +N0)(2v
4q2 + v6) + 2N0v
4q2
]
. (4.21)
20Since the Fab background here is commuting, STrC2n = TrC2n. It is useful, however, to keep
symmetrisation in order to express Tr-expressions in terms of tr ones. Note that the symmetrised product
of trJ2trJ2 where J = J0 or J1 is Sym(trJ
2trJ2)→ 13 [trJ20 trJ21 + 2tr(J0J1)tr(J0J1)]. Thus STr(J20J21 ) =
2Ntr(J20J
2
1 ) + 2trJ
2
0 trJ
2
1 = 2n0N0, where we have used (2.16) and tr(J0J1) = 0.
21Note again that since we have subtracted 1 from H0 in (4.12) we do not need to assume (as was done
in [13]) that N0 ≫ N4 in the supergravity expression for the potential.
22Useful symmetrised products of traces of J40J
2
1 are Sym(trJ
4trJ2) → 115 [trJ40 trJ21 +
8tr(J30J1)tr(J0J1) + 6tr(J
2
0J
2
1 )trJ
2
0 ] , Sym(trJ
3trJ3) → 15 [2trJ30 tr(J0J21 ) + 3tr(J20J1)tr(J20J1)] ,
Sym(trJ2trJ2trJ2) → 15 [trJ20 trJ20 trJ21 + 4trJ20 tr(J0J1)tr(J0J1)] , which can be simplified using that
trJ0 = trJ1 = tr(J0J1) = 0. Let us note also that since, in general, tr(Y(s1Ys2 )tr(Ys3Ys4)tr(Ys5Ys6)) =
1
15
[
tr(Ys1Ys2)
(
tr(Ys3Ys4 )tr(Ys5Ys6) + 2 terms
)
+ 4 terms
]
, we find that Sym(trX2trY 2trZ2) →
1
15
[
trX2[trY 2trZ2 + 2tr(Y Z)tr(Y Z)] + 2tr(XY )[...] + 2tr(XZ)[...]
]
.
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Isolating the part linear in n0 in the 2-loop term in (2.6) which is proportional to NCˆ6
we find the agreement with (4.16). Note that while in the case of the 0-brane–0-brane
scattering in [25] the 2-loop SYM expression for the potential was probe–source (n0 ↔ N0)
symmetric, this is no longer true in the 0 − (4‖0) case: the symmetry is broken by the
non-vanishing correction term in ŜTrC6 producing the second v
4 term in (4.21).
5 0-brane interaction with 1/8 supersymmetric bound
states of branes
By demanding the precise agreement between the supergravity potentials for the 0− (p+
... + 0), 0 − (1‖0) and 0 − (4‖0) cases we have so far fixed the structure of the 2-loop
term ∼ Cˆ6 (2.21)–(2.24) in the leading IR part Γ of the SYM effective action, at least
up to commutator terms which vanish on commuting Fab backgrounds. A further test of
consistency of our ansatz for Γ and thus of correspondence between the supergravity and
SYM descriptions is provided by non-trivial examples of 0-brane interactions with 1/8
supersymmetric bound states of branes. These bound states are represented by intersec-
tions of three and four branes in D = 10 (or D = 11) and, when wrapped over 5-torus
and 6-torus, are related to D = 5 and D = 4 extremal black holes with regular horizons.
We will show that these bound state configurations admit simple SYM descriptions
(which, however, are not unique). They are essentially superpositions of plane wave
and/or instanton backgrounds which represent 1/4 supersymmetric BPS states of SYM
theory.23 Plugging these backgrounds into the F 4-term in the 1-loop SYM effective ac-
tion demonstrates the agreement between the supergravity and SYM expressions for the
leading-order interaction potentials (in the D = 5 black hole case this was previously
shown in [16, 17]).
In the D = 5 black hole case the issue of correspondence between the supergravity
and SYM descriptions at the first subleading order was previously addressed in [16] where
the v2 term present in the supergravity potential V(2) was not explicitly determined from
a 2-loop SYM expression. We shall demonstrate that making a certain natural choice of
underlying SYM background and substituting it into the 2-loop SYM term Γ(2) implicitly
determined by considerations of the previous sections reproduces the complete expression
for the subleading term V(2) in the supergravity potential.
To be able to reproduce the v2 term in V(2) in the case of a 0-brane interacting with
a bound state reprsenting the D = 4 black hole we shall need to choose a non-abelian
([F, F ] 6= 0) representation for the corresponding SYM background and to include in the
the 2-loop SYM effective action Γ(2) additional ‘commutator terms’ which were vanishing
in all previous examples described by commuting gauge field backgrounds.
23Previous discussions of SYM/Matrix theory description of D = 5 black holes appeared in [16, 50, 51,
52, 17]; some comments on D = 4 black holes were also made in [50].
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5.1 0-brane interaction with D = 5 black hole (0− (4⊥1‖0))
One particular representation for the three-charge D = 5 black holes with regular hori-
zons [53] is given by the D = 11 configuration of intersecting [54] longitudinal M5-brane
and M2-brane with a wave along the common string, i.e. by 5⊥2+wave [34].24 Upon di-
mensional reduction along the common 11-th dimension this becomes the 4⊥1‖0 type IIA
configuration with the 4-brane and the fundamental string wrapped over a 4-torus and a
circle which are orthogonal cycles of the 5-torus. Special cases of this 1/8 supersymmetric
marginal BPS bound state are the 1/4 supersymmetric 1‖0 and 4‖0 states discussed in
section 4.
As in the previous cases, to find the supergravity interaction potential we shall consider
the action of a 0-brane probe moving in the background produced by this composite source.
The explicit form of the D = 10 type IIA string-frame metric, dilaton and vector field
representing the 4⊥1‖0 configuration may be obtained, e.g., by dimensional reduction of
the D = 11 5⊥2+wave solution in [34] (cf. (4.1))
ds210 = H
−1/2
4 H
−1/2
0 H˜
−1
1 [− dt2 +H0H˜1(dx21 + ...+ dx24)
+ H0H4dx
2
5 +H0H˜1H4(dx
2
6 + ... + dx
2
9)] , (5.1)
e2φ = H˜−11 H
3/2
0 H
−1/2
4 , A = H
−1
0 dt ,
H˜1 = 1 +
Q˜
(4)
1
r2
, H4 = 1 +
Q
(1)
4
r2
, H0 =
Q
(5)
0
r2
,
Q˜
(4)
1 = gsQ
(4)
1 = (2π)
−1/2gsL5
N1
N0
Q
(5)
0 , (5.2)
where the directions x1, ..., x4 are parallel to the 4-brane and x5 – to the string. In the
D = 11 interpretation H0 is the harmonic function of the wave (we again drop 1 in
H0 assuming ‘null reduction’ [25]). The action of a 0-brane (moving transversely to the
internal 5-torus x1, ..., x5) is a direct generalisation of (4.3) and (4.11)
I0 = −T0
∫
dt H−10
(√
1−H0H˜1H4v2 − 1
)
, (5.3)
so that the two leading terms in the interaction potential are (cf. (4.4),(4.15),(4.16))
V(1) = − 1
8r2
T0
[
4v2(Q˜
(4)
1 +Q
(1)
4 ) + v
4Q
(5)
0
]
, (5.4)
V(2) = − 1
16r4
T0
[
8v2Q˜
(4)
1 Q
(1)
4 + 4v
4(Q˜
(4)
1 +Q
(1)
4 )Q
(5)
0 + v
6(Q
(5)
0 )
2
]
. (5.5)
To find a description of this configuration in terms of a SYM background let us note that
performing T-duality along all of the directions of T 5 transforms 0‖4⊥1 into 5‖1+wave,
24There are other possible configurations, e.g., 2⊥2⊥2 or similar 5⊥2+wave system with intersection
string being transverse to the 11-th dimension along which there is a finite boost. Since we consider the
0-brane charge N0 to be finite our choice does not imply any restriction (cf. [52]).
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i.e. a bound state of a D5-brane, D-string and a wave. A D-string charge on D5-brane may
be represented by an 4d instanton in D = 5 + 1 SYM theory [30, 36] while a momentum
wave – by a plane wave configuration of SYM fields [16, 17, 39].
The explicit representation for the momentum wave in D = 6 SYM theory is not
unique. Since the SYM stress tensor contains the two contributions – of the gauge fields
Aa (a = 0, 1, ..., 5) and of the scalars Xi (6, 7, 8, 9), oscillations of both of the fields may, in
general, carry parts of the total momentum. This is what we shall assume below, choosing
the following specific background
A1 = A1(x˜5 + t) , X6 = X6(x˜5 + t) . (5.6)
The wave of X6 is natural to include as it represents the momentum in the special case of
the D-string+wave system, or the fundamental string winding number in the T-dual 1‖0
state considered in section 4.1.25
Adding a 0-brane probe to the 4⊥1‖0 state corresponds in the T-dual picture to
adding a D5-brane probe parallel to the composite ‘D5-brane’ source. As discussed in the
previous sections, to determine the dependence on the scalar field background X6 and
X9 ∼ vt representing the velocity of the probe we may formally perform further T-duality
transformations along the 6-th and 9-th transverse directions. We then finish with a
stationary pure gauge fieldD = 8 configuration describing a 7-brane probe with a constant
electric flux F09 ∼ v, and a 7-brane source with a 3-brane charge (represented by an
instanton background in 1234 subspace) and a YM wave (A1 = A1(x˜5+t), A6 = A6(x˜5+t))
carrying momentum along x˜5.
Let us first ignore the X6 or A6 background. Then the 0 − (4‖0⊥1) configuration
is described by the superposition of the (anti)self-dual (4.13),(4.17) and A1 wave (4.6)
backgrounds in the SYM theory on the dual 5-torus, i.e. by the following su(n0 + N0)
gauge field strength (cf. (4.6),(4.17),(4.18))
F09 = vJ0 , F12 = F34 = qJ1 , F51 = F01 = hJ0 , (5.7)
where J0 and J1 were defined in (3.15) and (4.18), and q is the same as in (4.17) while h
is the same as in (4.6),(4.7), i.e.
q2 =
Q4
Q
(4)
0
=
Q
(1)
4
Q
(5)
0
, < h2 >=
1
L˜5
∫
dx˜5 h
2 =
Q˜1
Q
(1)
0
=
Q˜
(4)
1
Q
(5)
0
. (5.8)
Including the A6 background we get instead of (5.7)
F09 = vJ0 , F12 = F34 = qJ1 , (5.9)
F51 = F01 = hJ0 , F56 = F06 = wJ0 , (5.10)
25It is also natural to expect that in another special case of D5-brane+wave state the momentum should
be carried by the transverse (Xi) oscillations of the 5-brane.
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where the ‘vector’ and ‘scalar’ wave functions h = h(x˜5 + t) and w = w(x˜5 + t) satisfy a
generalisation of the second condition in (5.8)
< h2 + w2 >=
1
L˜5
∫
dx˜5 (h
2 + w2) =
Q˜1
Q
(1)
0
=
Q˜
(4)
1
Q
(5)
0
. (5.11)
Thus < h2+w2 > is proportional to the momentum of the wave in the 5‖1+wave config-
uration.
The ‘instanton+wave’ u(N) gauge field background ((5.9),(5.10) with v = 0), which
should be representing the marginal BPS bound state 5‖1+wave configuration invariant
under 1/8 of N = 2, D = 10 type IIB supersymmetry, is indeed preserving the 1/4 of
the N = 1, D = 10 supersymmetry of the SYM theory. The standard condition of the
vanishing of the gaugino variation is
F rsab γ
abǫ = 0 , (5.12)
where r, s are the internal u(N) indices and γab = γ[aγb], γ(aγb) = ηab = diag(−1, 1, ..., 1).
As the diagonal matrices J0 and J1 are not proportional, choosing different values of
r, s and combining the resulting equations we get two separate (‘instanton’ and ‘wave’)
conditions:
(γ12 + γ34)ǫ = 0 , i.e. P1234ǫ = ǫ , Pmnkl ≡ 12(1 + γmnkl) , (5.13)
and (hγ1 + wγ6)(γ0 + γ5)ǫ = 0, or
(γ0 + γ5)ǫ = 0 , i.e. P05ǫ = ǫ , P05 ≡ 12(1− γ05) . (5.14)
Since the projectors P1234 and P05 commute , we conclude that the amount of unbroken
supersymmetry is reduced to 1/4 of the original one.
Computing the classical BI Lagrangian for this commuting u(N) background (5.9),(5.10)
one finds
L = tr
√
−det(ηabI + Fˆab) = N(1 + q2)
√
1− h
2 + (1 + q2)(1 + w2)
1 + q2
v2 . (5.15)
This provides a test of the marginal BPS property of the v = 0 background: higher-order
terms vanish for v = 0 and the coefficient of the v2 term ∼ h2 + (1 + q2)(1 + w2) has its
leading-order part being proportional to the mass (M ∼ Q˜(4)1 + Q(1)4 + Q(5)0 ∼ 1 + q2+ <
h2+w2 >) of the 5‖1+wave bound state (see also [17]). The higher-order correction term
∼ w2q2v2 will be discussed below.
Since the background (5.9),(5.10) involves only two commuting diagonal u(N) ma-
trices, the computation of the 1-loop Cˆ4 (2.13) and 2-loop Cˆ6 (2.19) terms in the SYM
effective action is essentially the same as in section 4. Both Cˆ4 and Cˆ6 vanish for v = 0
as expected for a supersymmetric configuration. Cˆ4 has the form (cf. (4.9),(4.19))
Cˆ4 = STr C4(F ) = −1
8
STr
[
4v2q2J20J
2
1 + 4v
2(h2 + w2)J40 + v
4J40
]
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= −1
4
n0N0
[
4v2q2 + 4v2(h2 + w2) + v4
]
. (5.16)
Using (5.8),(5.11) we find the agreement between the supergravity (5.4) and the SYM
(2.6),(2.12) expressions for the leading-order term in the potential. Note that the leading-
order potential ∼ Cˆ4 depends only on the sum < h2 + w2 > of the gauge field and scalar
field contributions to the momentum, i.e. it is not sensitive to how the momentum is
distributed between the two terms.26 This will no longer be so for Cˆ6.
For Cˆ6 = ŜTrC6 we find (cf. (4.9),(4.20))
Cˆ6 = − 1
16
ŜTr
[
8v2w2q2J40J
2
1 + 2v
4q2J40J
2
1 + 4v
4(h2 + w2)J60 + v
6J60
]
. (5.17)
Computing the modified trace ŜTr (2.23),(2.24) as in (4.21) we get for the 2-loop coefficient
in Γ (2.6) (N = n0 +N0)
NCˆ6 = −1
8
n0N0
[
(n0 +N0)[8v
2w2q2 + 2v4q2 + 4v4(h2 + w2) + v6]
+ N0(8v
2w2q2 + 2v4q2)
]
. (5.18)
The second N0-term in the brackets in (5.18) originates from the correction term in ŜTr
in (2.23). This effectively doubles the coefficients of the J40J
2
1 terms in (5.17). The n0N
2
0
part of (5.18) which should be compared with the supergravity potential becomes
NCˆ6 = −1
8
n0N
2
0
[
16v2w2q2 + 4v4(q2 + h2 + w2) + v6
]
+O(n20) . (5.19)
Using (5.8),(5.11) we conclude that the v4 and v6 terms in the 2-loop term in Γ (2.6) are
indeed in agreement with the classical supergravity potential (5.5).
As for the v2-term in (5.19) which is present only if w 6= 0, we find that it reproduces
the v2 term in (5.5) provided the momentum is distributed equally between the gauge
field and the scalar field oscillations, i.e. if (cf. (5.11))
< w2 >=< h2 >=
1
2
< w2 + h2 >=
1
2
Q˜
(4)
1
Q
(5)
0
. (5.20)
It would be interesting to find an independent reason for imposing this condition.
5.2 0-brane interaction with D = 4 black hole (0− (4⊥4⊥4‖0))
The 1/8 supersymmetric marginal bound state configurations of D = 11 theory corre-
sponding to D = 4 extremal black holes with regular horizons [55] may be represented as
M-brane intersections 2⊥2⊥5⊥5 or 5⊥5⊥5+wave wrapped over T 6 × S1 [56]. Assuming
26The agreement between the leading-order terms in V and Γ was previously checked in [16, 17] where
the scalar wave contribution was not included, i.e. w was equal to zero.
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that the intersection direction is the 11-th one, the second configuration (which is thus
a combination of the three longitudinal 5-branes) admits a simple SYM description in
terms of three ‘overlapping’ instantons on the dual 6-torus.27
Dimensional reduction of the D = 11 background 5⊥5⊥5+wave to D = 10 gives the
4⊥4⊥4‖0 configuration which becomes 2⊥2⊥2‖6 after T-duality along the directions of
6-torus.28 As we shall demonstrate below, it can be described in terms of certain 1/4
supersymmetric gauge field background in the D = 6 + 1 SYM theory on T˜ 6 which may
be interpreted as a superposition of the three ‘overlapping’ instantons (with the instanton
numbers being the charges of the three orthogonal 2-branes). The choice of such gauge
field background is not unique, and we shall present both ‘commuting’ (see also Appendix)
and ‘non-commuting’ representations for it.
In contrast to the D = 5 black hole case considered above which does not admit a
purely D-brane description (one of the charge is always from the NS-NS sector), in the
4⊥4⊥4‖0 case all the charges are from the R-R sector and so the correspondence between
the supergravity and SYM expressions for the interaction potential should, in principle,
be more straightforward to establish. This is indeed so for the leading-order term in the
1/r expansion, irrespective of a particular choice of the gauge field theory representation
for 4⊥4⊥4‖0. We shall find, however, that to be able to reproduce the subleading term
in the supergravity potential (in particular, its v2 part) one must use the non-commuting
version of the corresponding SYM background.
5.2.1 Supergravity background and interaction potential
The 5⊥5⊥5+wave configuration (with 5-brane coordinates {1, 2, 3, 4, 11}, {1, 2, 5, 6, 11},
and {3, 4, 5, 6, 11}) reduced along x11 gives the type IIA 4⊥4⊥4‖0 background with the
following string-frame metric, dilaton and R-R vector field [56] (cf. (5.1))
ds210 = (H0H4(1)H4(2)H4(3))
−1/2
[
− dt2 +H0H4(3)(dx21 + dx22) +H0H4(2)(dx23 + dx24)
+ H0H4(1)(dx
2
5 + dx
2
6) +H0H4(1)H4(2)H4(3)(dx
2
7 + dx
2
8 + dx
2
9)
]
, (5.21)
e2φ = (H4(1)H4(2)H4(3))
−1/2H
3/2
0 , A = H
−1
0 dt . (5.22)
27There are other possible SYM (or matrix theory) embeddings of D = 4 black holes involving
finite boosts which represent extra parameters of the corresponding non-marginal generalisations of
the marginal 1/8 BPS bound states (we need not discuss them here since we keep 0-brane number
N0 finite as in [25]). As an example, one may consider 2⊥2⊥5⊥5 with the brane directions being
{5, 6}, {4, 7}, {1, 2, 3, 4, 5}, {1, 2, 3, 6, 7} and add a boost along direction 1. Reducing down to D = 10
along the boost direction, we get a non-marginal bound state 0+ (4⊥4⊥2⊥2) parametrised by 5 charges,
or, after T-duality along all of the directions of 6-torus, 6 + (2⊥2⊥4⊥4) (this configuration is related to
the 5-charge D = 4 black hole in [55]).
28Other U-dualD = 10 configurations like 3⊥3⊥3⊥3 [56, 57, 58] do not have as simple SYM description
as the one existing for 2⊥2⊥2‖6 we describe below. The 2⊥2⊥2‖6 configuration was also mentioned as
a possible matrix theory representation for D = 4 black holes in [50].
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H0 =
Q
(6)
0
r
, H4(k) = 1 +
Q
(2)
4(k)
r
, k = 1, 2, 3 . (5.23)
Here the charges are proportional to the numbers of branes according to (3.5), i.e. Q
(6)
0 ∼
N0, Q
(2)
4(k) ∼ N4(k). The action of a 0-brane probe in this background is again of the same
form as (1.1),(4.11),(5.3)29
I0 = −T0
∫
dt H−10
(√
1−H0H4(1)H4(2)H4(3)v2 − 1
)
, (5.24)
so that the two leading terms in the interaction potential (1.2) are (cf. (4.15),(4.16) and
(5.4),(5.5))
V(1) = − 1
8r
T0
[
4v2
(
Q
(2)
4(1) +Q
(2)
4(2) +Q
(2)
4(3)
)
+ v4Q
(6)
0
]
= −πn0
8r
[
4v2
(
N4(1)
V2(1)
+
N4(2)
V2(2)
+
N4(3)
V2(3)
)
+ v6N0
(2π)2
V6
]
, (5.25)
V(2) = − 1
16r2
T0
[
8v2
(
Q
(2)
4(1)Q
(2)
4(2) +Q
(2)
4(2)Q
(2)
4(3) +Q
(2)
4(1)Q
(2)
4(3)
)
+ 4v4
(
Q
(2)
4(1) +Q
(2)
4(2) +Q
(2)
4(3)
)
Q
(6)
0 + v
6(Q
(6)
0 )
2
]
= − n0gs
64(2π)1/2r2
{
1
2
(2π)2v2
(
N4(1)N4(2)
V4(3)
+
N4(2)N4(3)
V4(1)
+
N4(1)N4(3)
V4(2)
)
+ 4v4N0
(2π)4
V6
(
N4(1)
V2(1)
+
N4(2)
V2(2)
+
N4(3)
V2(3)
)
+ v6N20
(2π)6
V 26
}
, (5.26)
where V6 = (2π)
6R1...R6 is the volume of T
6, V2(1) = (2π)
2R5R6, V2(2) = (2π)
2R3R4,
V2(3) = (2π)
2R1R2 and V4(k) = V6/V2(k).
30 Our aim will be to reproduce these expressions
by substituting appropriate SYM background into the 1-loop and 2-loop terms in the
SYM effective action (2.6). Note that the remaining part (∼ g2sN4(1)N4(2)N4(3)) of the v2
term in the potential in (5.24) which is contained in V(3) should come from a 3-loop term
in the SYM effective action.
5.2.2 SYM backgrounds representing 4⊥4⊥4‖0
To find a description of 4⊥4⊥4‖0 wrapped over T 6 or of its T-dual configuration 6‖2⊥2⊥2
wrapped over T˜ 6 in terms of a gauge field background Fmn (m,n = 1, ..., 6) in the SYM
theory on T˜ 6 one needs to satisfy the following conditions:
(1) Fmn should preserve 1/4 of N = 1, D = 10 supersymmetry, i.e. there should exist
the corresponding ǫ 6= 0 solution of (5.12);
29Essentially the same action is found for the T-dual configuration of a 3-brane probe in the 3⊥3⊥3⊥3
background [59].
30Note that these leading terms in the potential simplify when the tori are self-dual, i.e. when Vp =
(2π)p/2: all factors of 2π inside the brackets cancel out and one is left with combinations of integer
numbers of branes multiplying powers of velocity.
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(2) substituted into the (non-abelian, U(N0)) D6-brane action, Fmn should induce [30]
only the required charges of the three 2-branes: it should satisfy trF = 0,
∫
tr(F∧F∧F ) =
0 with tr(F ∧ F ) 6= 0 such that ∫ C3 ∧ tr(F ∧ F ) gives the coupling of 3-form field to
the charges N4(1),N4(2) and N4(3) of 2-branes wrapped over the three orthogonal cycles of
6-torus;
(3) the classical BI Lagrangian (1.3) L = Str
√
det(δmnI + Fmn) should reproduce the
mass of the marginal BPS bound state 6‖2⊥2⊥2, i.e. all higher-order terms in L6 should
vanish, L = tr(I + 1
4
FmnFmn).
The 2-brane charges on a collection of N0 6-branes may be represented by a 4d (anti)self-
dual SU(N0) gauge field backgrounds. There exists several D = 6+ 1 SYM backgrounds
which may be interpreted as ‘superpositions’ of the three instantons and which satisfy the
above conditions and thus are candidates for a description of 6‖2⊥2⊥2.
While all of them, when substituted into the SYM effective action (2.6), reproduce
the leading term (5.25) and the v4 and v6 parts of the subleading term (5.26) in the
supergravity potential, it turns out to be impossible to reproduce the v2 term in (5.25) by
using a commuting ([Fmn, Fkl] = 0) background. Below and in Appendix we shall describe
two commuting Fmn backgrounds which have all the required properties to represent the
6‖2⊥2⊥2 state but fail to give the v2 term in V(2). We shall show that there exists a non-
commuting background which produces that needed v2 term under a natural assumption
that the 2-loop term in the SYM effective action (2.6) should, in general, contain terms
with commutators of F .
We shall consider the following su(N0) constant gauge field strength background on
T˜ 6 which may be viewed as a generalisation of the three (anti)self-dual 4d backgrounds
in three different 4-spaces which intersect over 2-spaces
F14 = −F23 = p1h1 , F45 = −F36 = p2h2 , F15 = F26 = p3h3 , (5.27)
with all other components being zero. Here pk are constants which we shall fix as
p2k = V
−1
4(k)
N4(k)
N0
= (2π)2V˜ −14(k)
N4(k)
N0
, (5.28)
while hk are independent su(N0) matrices. We shall consider the following two different
choices for hk. The first one will be
hk = µk ⊗ IN0
4
×
N0
4
, (5.29)
where µk are diagonal 4 × 4 matrices from the Cartan subalgebra of su(4) (used in [19]
to describe a YM background representing a non-supersymmetric 6 + 0 configuration)
µ1 = diag(1, 1,−1,−1) , µ2 = diag(1,−1,−1, 1) , µ3 = diag(1,−1, 1,−1) , (5.30)
trµk = 0 , tr(µkµl) = 4δkl , µkµl = |ǫkln|µn , [µk, µl] = 0 .
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Our second choice will be
hk = σk ⊗ IN0
2
×
N0
2
, σkσl = δkl + iǫklnσn , (5.31)
where σk are the SU(2) Pauli matrices.
These two choices of hk define a commuting and a non-commuting Fmn backgrounds
(5.27) which will have the same basic properties.31 Since the matrices hk are linearly
independent, the condition of preservation of supersymmetry (5.12) leads simply to
(γ14 − γ23)ǫ = 0 , (γ45 − γ36)ǫ = 0 , (γ15 + γ26)ǫ = 0 . (5.32)
The third condition here is a consequence of the first two, so that (5.32) may be expressed
in terms of the two commuting projectors (cf. (5.13)) P1234ǫ = 0, P3456ǫ = 0. As a
result, there exists a solution for ǫ representing the remaining 1/4 of the N = 1, D = 10
(corresponding to 1/8 of N = 2, D = 10) supersymmetry.32
It is also easy to check that because of the properties of the matrices µk or σk the
background (5.27) induces only the required 2-brane charges on the 6-brane, with the
three 2-branes oriented along the 12, 34 and 56 cycles of the 6-torus.
Computing the determinant in the classical BI action (1.3) (defined with the sym-
metrised trace, i.e. ignoring possible commutator terms in non-commuting case [45]) one
finds
L = Str
√
det(δmnI + Fmn) ≡
∞∑
n=0
Str C2n(F )
= Str
√
(I + p21h
2
1 + p
2
2h
2
2 + p
2
3h
2
3)
2 = N0(1 + p
2
1 + p
2
2 + p
2
3) = tr(I +
1
4
FmnFmn) . (5.33)
Note, in particular, that
C2n(F ) = 0 , n = 2, 3, ... . (5.34)
As a result, the energy of the gauge field configuration (5.27) is, indeed, equal to the mass
of the 1/8 supersymmetric marginal bound state 4⊥4⊥4‖0 or 6‖2⊥2⊥2, 33
M = T6
∫
d6x˜ Str
√
det(δmnI + Fmn) = (2π)
1/2g−1s
(
N0+
N4(1)
V2(1)
+
N4(2)
V2(2)
+
N4(3)
V2(3)
)
. (5.35)
In the commuting hk ∼ µk case (5.33) follows from the fact that the squares of hk are equal
to the unit matrix I = IN0×N0 . In the non-commuting hk ∼ σk case one is to note that
Str
√
det(δmnI + Fmn) is computed by first expanding the square root in powers of F (2.8)
and then applying Str. Since under the symmetrised trace the factors of Fmn in C2n(F )
may be treated as commuting, the vanishing of all C2n, n > 1, which follows from the
structure of the abelian version of (5.27), implies also that Str C2n(F ) = 0, n = 2, 3, ....
31The commuting background is obviously a solution of the D = 6 YM equations. The same should
be true also for the non-commuting case, i.e. there should exist a potential Am which solves the classical
SU(2) YM equations and has (5.27),(5.31) as its field strength.
32Related discussions of supersymmetry-preserving conditions appeared in [58, 60, 61, 62]. Supersym-
metric SYM solutions on 8-torus were discussed in [63].
33See also [64, 13, 19] for a similar discussion of energies of 4‖0 and other gauge field configurations.
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5.2.3 Supergravity - SYM correspondence
Let us now demonstrate that while both commuting (5.27),(5.29) (and (A.4),(A.5)) and
non-commuting (5.27),(5.31) SYM backgrounds (supplemented by the velocity component
and substituted into the SYM effective action (2.6)) reproduce V(1) (5.25) and the v4 and
v6 parts of V(2) (5.26), it is only the non-commuting background (5.27),(5.31) that may
generate the subtle v2 term in (5.26) provided also that the 2-loop coefficient Cˆ6(F ) (2.27)
contains commutator terms like (2.28).
The supergravity potential in (5.25),(5.26) expressed in terms of the SYM background
(5.27) takes the following form (cf. (4.15),(4.16))
V(1) = − n0
16r
V˜6
[
v2tr(FmnFmn) + v
4N0
]
, (5.36)
V(2) = − n0g
2
YM
(4π)6r2
V˜6
[
1
2
v2([F, F ]2) + v4N0tr(FmnFmn) + v
6N20
]
, (5.37)
where g2YM = (2π)
−1/2gsV˜6 and ([F, F ]
2) is a notation for
([F, F ]2) = 16N20 (p
2
1p
2
2 + p
2
2p
2
3 + p
2
1p
2
3) . (5.38)
The su(N0 + n0) SYM background Fab = (F09, Fmn) describing the interaction between
a 0-brane with velocity v and the 4⊥4⊥4‖0 bound state is given by the su(N0) field
strength (5.27) embedded into su(N0 + n0) as Fmn → diag(0n0×n0 , Fmn and the ‘velocity’
component F09 (cf. (4.17),(4.18) and (5.9),(5.10))
F09 = vJ0 , [F09, Fmn] = 0 , m, n = 1, ..., 6 . (5.39)
Since the indices of the commuting ‘velocity’ and ‘instanton’ parts of Fab do not overlap
(in contrast to what was in the case of D = 5 black hole background (5.9),(5.10)), one
finds that the 1-loop and 2-loop coefficients in (2.6), (2.13),(2.19) take the following form
(cf. (4.19),(4.20))
Cˆ4(Fab) = Cˆ4(Fmn)− 14STr
(
v2J20FmnFmn + v
4J40
)
, (5.40)
Cˆ6(Fab) = Cˆ6(Fmn)− 116 ŜTr
(
− v2J20 [FmnFnkFklFlm− 14(F 2mn)2] + 12v4J40FmnFmn + v6J60
)
.
(5.41)
As a result, the background (5.27) (or (A.4)) substituted into the effective action (2.6)
exactly reproduces (5.36) and the v4 and v6 terms in (5.37). This is, of course, not
too surprising since the coefficients of the v2 term in (5.36) and the v4 term in (5.37) are
additive in the constituent instanton (4-brane) charges, so that the agreement is essentially
the consequence of the one in the 4‖0 case (4.19),(4.21).
At the same time, if we assume that Cˆ6 is totally symmetric in the six F -factors as in
(2.15),(2.19), then the coefficient of the v2 term in (5.41) vanishes and thus does match
34
the one in V(2) (5.37). Indeed, this coefficient is proportional to C4(Fmn) (2.9) which
vanishes identically for the background (5.27) (see (5.34)).34
The non-trivial composite structure of the 4⊥4⊥4‖0 bound state which is responsible
for the appearance of the product of the harmonic functions in (5.24) and thus for the fact
that the v2 term in (5.26),(5.37) is proportional to a combination of products of charges
of the constituent 4-branes, should, in fact, be reflected in a non-abelian nature of the
corresponding background (5.27),(5.31).
On general grounds, the 2-loop term Cˆ6 in (2.6) may contain various F
6 commutator
terms (2.28). To illustrate that they may, indeed, produce the required v2 term in (5.37)
let us we shall consider a particular commutator term with simple Lorentz index and
internal index contractions (cf. (2.28))
C6 = iβ1Tr(FabFab[Fcd, Fef ]FcdFef ) , (5.42)
where β1 is a universal numerical coefficient. Using (5.39),(5.27),(5.31) and noting that
Tr(FabFab[Fcd, Fef ]FcdFef) → v2Tr(J20 [Fmn, Fkl]2) + ... it is easy to see that this term35
(multiplied by N according to (2.6)) contains indeed the same v2 contribution as in (5.37),
i.e. is proportional to n0N
2
0 v
2(p21p
2
2 + p
2
2p
2
3 + p
2
1p
2
3).
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6 Concluding remarks
The approach we have used in this paper – first extracting an ansatz for the leading IR
part Γ(2) ∼ ∫ Cˆ6 of the 2-loop SYM effective action from comparison with supergravity
potentials for 0-brane interactions with simple bound states of branes and then checking its
consistency against more complicated examples with less supersymmetry may be extended
to various other cases. One may consider non-marginal generalisations of, e.g., 4‖0 bound
state (described by a combination of the instanton and constant magnetic backgrounds
[49]) as well as interactions between two different bound states of branes (e.g., 2 + 0 and
4‖0 with the former treated as a probe as in [13]). One may also study subleading terms
in the interaction potentials for non-supersymmetric configurations involving 6+ 0 states
[19] or near-extremal D = 5 and D = 4 black holes. This may lead to further non-trivial
34The same conclusion is reached in the case of another commuting background (A.4). Since J0
is proportional to the unit matrix on the subspace where Fmn is non-vanishing, ŜTr[J
2
0C4(Fmn)] ∼
STrC4(Fmn). Using that the explicit form of Fmn in this case is F12 = q1J
(1)
1 + q2J
(2)
1 , F34 = q1J
(1)
1 +
q3J
(3)
1 , F56 = q2J
(2)
1 + q3J
(3)
1 , where J
(k)
1 are defined as in (4.18) with zeroes in the complementary
blocks, we find that C4(Fmn) = −16q1q2q3J (1)1 J (2)1 J (2)1 (q1J (1)1 +q2J (2)1 +q3J (3)1 ) which does not contain
the required structure in (5.38) (∼ q21q22 + ...) even before one takes the traces.
35Dots stand for v-independent terms that should cancel in an appropriate combination of F 6 commu-
tator terms (the v = 0 configuration is a BPS one).
36Since, e.g., [σ1, σ2] = 2iσ3, the same relation is true for the corresponding components of Fmn in
(5.27) embedded into su(n0 + N0), so that we conclude (cf. (5.27) and (4.17),(4.18)) that the v
2p21p
2
2
term in (5.42) has coefficient Tr(J20J
2
1 ) as in (4.19) which is equal to 2n0N0.
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checks of the expression for Cˆ6 we have suggested above and may, in particular, allow to
fix the form of the commutator terms in it.
It would be important, of course, to compute the relevant F 6 terms in the SYM
effective action directly, extending the D = 1 + 0 result of [24, 25] to higher dimensions
and more general SYM backgrounds and thus verifying our conjectures about the structure
of Cˆ6. This may be feasible using a combination of techniques in [65, 66, 67].
Furthermore, it would be most interesting to perform a string-theory computation
of the subleading (2-loop) terms in the interaction potential, checking that the r → 0
and r → ∞ limits of the string result continue to agree (for relevant supersymmetric
configurations of branes) beyond the leading 1-loop level considered in [2, 3, 8]. This
would provide an explanation for the supergravity-SYM correspondence at the subleading
level demonstrated in [25] and in the present paper.
Finally, there remain also questions about the role of 0-branes (and thus of Matrix the-
ory relation) in this correspondence. Does it hold also for other appropriate configurations
of branes with no 0-brane content (or, in T-dual picture, for configurations other than a
‘Dp-brane+...’ parallel to a ‘Dp-brane + ...’)? Related question is about the role of the
large N0 (0-brane number) limit or the ‘null reduction’ ansatz of dropping 1 in the 0-brane
harmonic function [25]. If there is indeed a weak-coupling string-theory explanation for
the supergravity-SYM correspondence at the subleading level, it may presumably apply
also to some other (nearly) supersymmetric configurations of (large number of) branes.
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Appendix A
Here we shall describe another representation for the 4⊥4⊥4‖0 bound state in terms of
a commuting SYM background on the dual 6-torus which is different from the one given
in section 5.2.2.
Each of the three longitudinal M5-branes in 5⊥5⊥5+wave configuration may be de-
scribed [41, 68] by a SYM instanton on the dual torus, with the instanton charge being
the wrapping number of the five-brane. One way to combine them together is to split the
total number of 0-branes N0 in 4⊥4⊥4‖0 (equal to the number of 6-branes in the T-dual
6‖2⊥2⊥2 configuration) into the three parts, N0 = N0(1) +N0(2) +N0(3), and to consider
the three instantons embedded, respectively, into the su(N0(1)), su(N0(2)) and su(N0(3))
subalgebras of su(N0). The components of the SYM gauge field potential on T˜
6 may
36
be chosen as A1 = diag
(
A
(1)
1 (x˜1, x˜2, x˜3, x˜4), A
(2)
1 (x˜1, x˜2, x˜5, x˜6), 0N0(3)×N0(3)
)
, ... , A6 =
diag
(
0N
0(1)
×N
0(1)
, A
(2)
6 (x˜1, x˜2, x˜5, x˜6), A
(3)
6 (x˜3, x˜4, x˜5, x˜6)
)
, where A(k)m ∈ su(N0(k)) have
(anti)self-dual field strengths,
F (k)mn = ±(F (k)mn)∗ ,
1
16π2
∫
T˜ 4
(k)
d4x˜ tr (F (k)mnF
(k)
mn) = N4(k) . (A.1)
Assuming that N0(k) are even, F
(k)
mn may be taken in the same explicit (anti)selfdual form
as in (4.13),(4.14)
F
(1)
12 = −F (1)34 = q1 σ3 ⊗ IN0(1)
2
×
N
0(1)
2
, F
(2)
12 = −F (2)56 = q2 σ3 ⊗ IN0(2)
2
×
N
0(2)
2
,
F
(3)
34 = −F (3)56 = q3 σ3 ⊗ IN0(3)
2
×
N
0(3)
2
, (A.2)
where (cf. (5.28))
q2k = (2π)
2V˜ −14(k)
N4(k)
N0(k)
. (A.3)
The choice of the signs here is important for preservation of supersymmetry (see below).
The non-vanishing components of Fmn = diag(F
(1)
mn , F
(2)
mn , F
(3)
mn) are then (cf. (5.27))
F12 = f1 , F34 = f2 , F56 = f3 , (A.4)
where fk are the following commuting block-diagonal su(N0) matrices
f1 = diag
(
q1σ3 ⊗ IN0(1)
2
×
N
0(1)
2
, q2σ3 ⊗ IN0(2)
2
×
N
0(2)
2
, 0N
0(3)
×N
0(3)
)
,
f2 = diag
(
− q1σ3 ⊗ IN0(1)
2
×
N
0(1)
2
, 0N
0(2)
×N
0(2)
, q3σ3 ⊗ IN0(3)
2
×
N
0(3)
2
)
,
f3 = diag
(
0N
0(1)
×N
0(1)
, −q2σ3 ⊗ IN0(2)
2
×
N
0(2)
2
, −q3σ3 ⊗ IN0(3)
2
×
N
0(3)
2
)
. (A.5)
To see if this SYM background preserves some amount of supersymmetry, we write down
the condition (5.12) for each of the three diagonal blocks of the su(N0) matrix Fmn. As
a result, we get three copies of the ‘single-instanton’ condition (5.13)
(γ12 − γ34)ǫ = 0 , (γ12 − γ56)ǫ = 0 , (γ34 − γ56)ǫ = 0 , (A.6)
with the third one being a consequence of the first two.37 The conditions (A.6) may thus
be expressed in terms of two commuting projectors
P1234ǫ = ǫ , P1256ǫ = ǫ , (A.7)
37The choice of all conditions in (A.2) as self-duality ones would thus lead to a contradiction unless
ǫ = 0 and thus to the complete breakdown of supersymmetry.
37
implying that 1/4 of the N = 1, D = 10 supersymmetry is preserved.
Since trFmn = 0 and F12F34F56 = 0 (as follows from (A.4),(A.5)) the only non-
vanishing charges induced by this background on the 6-brane world volume are the 2-
brane charges (∼ ∫ tr(FmnFkl)) in the 12, 34 and 56 cycles of the 6-torus. They are equal
to N4(1),N4(2) and N4(3).
The energy of this gauge field configuration (A.4) obtained from the classical BI action
is, indeed, equal to the mass of the 1/8 supersymmetric marginal bound state 4⊥4⊥4‖0.
Since all components of Fmn here are commuting, the symmetrised trace in (1.3) is equiv-
alent simply to the trace in the fundamental representation and we find the result similar
to that in (5.33)
M = T6
∫
d6x˜ tr
√
det(δmnI + Fmn) = T6V˜6
[
N0 +N0(1)q
2
1 +N0(2)q
2
2 +N0(3)q
2
3
]
= T6
∫
d6x˜ tr(I + 1
4
FmnFmn) = (2π)
1/2g−1s
(
N0 +
N4(1)
V2(1)
+
N4(2)
V2(2)
+
N4(3)
V2(3)
)
. (A.8)
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